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Abstract

Multivariate regression has been the go-to method for data analysis for generations of schol-
ars. While transparent and interpretable, with desirable theoretical properties, the method’s
simplicity precludes the discovery of complex heterogeneities in the data. We introduce a
method that embraces these potential complexities, is interpretable, has desirable theoretical
guarantees, and is tailored to causal effect estimation. The proposed method uses a machine
learning regression methodology to estimate the observation-level effect of a treatment variable,
for either a binary, categorical, or continuous treatment. We illustrate with an instrumental
variable analysis, estimating interesting heterogeneities in both the first and second stage. We
use our theoretical results to estimate observations for which the treatment is not impacted
by the instrument, for which no causal effect is identified. We provide multiple pedagogic
introductions to new concepts from the machine learning literature. A technical appendix and

extensive simulation evidence establishes the method’s utility and use.
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1 Introduction

Data analysis in much of political science is often synonymous with multivariate linear regression. In
this project, we step back and ask: in what circumstances are political scientists using multivariate
linear regression, what makes an estimate causal, and can we do better? We assume the researcher
confronts an outcome variable, a treatment variable of central interest, and a set of background
“control” variables that characterizes each observation’s covariate profile. The first question is easy
to answer: a slope estimated by a multivariate regression is interpreted as the average marginal effect
of a variable on the outcome. Regression is also commonly used to adjust for background covariates

when testing a set of pre-specified hypotheses. Both uses are established and long-standing in

political science (e.g. [Achen] [1986} [King} [1998]).

Implementing regression for causal inference requires additional assumptions. An estimand is

causal if it is defined in terms of differences in observation-level outcomes under different treatment

levels (Imbens and Rubinf [2015). In practice, obtaining a causal estimate requires successfully

adjusting for confounders, pre-treatment variables which drive both the outcome and the treat-
ment. This adjustment can occur in two ways. The first is “design-based,” where a randomized
treatment eliminates confounding effects. Examples include lab or survey experiments, where the

randomization is controlled by the researcher, or natural experiments such as instrumental variable

(IV) analyses where the randomization may simply be observed (e.g. [Angrist and Pischke| [2009
2016)). The second is “model-based,” where we assume that we observe all confounders and

that we have modeled the treatment and outcome sufficiently well to eliminate bias. Many studies,
including our replication of an instrumental variable analysis , encompass elements
of both. For example, including additional covariates beyond the instrument and treatment in an
IV analysis suggests something beyond the design of the study (e.g., the use of an instrument) is
useful in estimating an effectH

But successfully adjusting for confounding requires that the confounding variables are incor-

porated correctly into the model (Aronow and Samii 2016} [Ho et al] [2007). Typical regression

strategies commonly ignore complexity in the data, such as the heterogenous effect of a variable

across the sample, or they assume all effects are linear. Departures from typical practice tend to be

1Similarly, including control variables in a difference-in-difference study or modeling a propensity score can adjust

for confounding.



ad hoc, with maybe one interaction or non-linearity considered. As a result researchers implicitly
make many strong assumptions about the data. This is in contrast with advances in the causal infer-

ence literature, which works to reduce the impact of modeling choices on causal estimates ,

(2018} [Ho et al.} [2007]). Furthermore, ignoring potentially interesting interactions and nonlinearities

can miss adding additional nuance to a researcher’s insights (e.g. [Hill and Jones. [2014} [Beck and)

[Jackman]|, [1998} [Beck, King and Zeng] [2000). Given the limitations of regression models, we think

it is worth asking whether an alternative method exists for estimating causal effects.
We propose a framework, the Method of Direct Estimation (MDE), for flexible and reliable

causal estimation. The method consists of three parts. First, MDE turns to the theory of causal

inference for a causal estimand (Imbens and Rubin| [2015]). We focus on the instantaneous causal

effect (ICE), which is the observation-level marginal effect of the treatment on the outcome (e.g.

[Stolzenberg] [1980]). Just as a regression coefficient is interpreted as an average marginal effect over

the sample, the ICE is interpreted as the “slope” at a given observation, given the value of its
pre-treatment variables. We then extend the framework to binary and categorical treatments and
then to instrumental variable analysis. Second, MDE advances recent machine learning methods by
implementing a flexible, nonparametric regression model to the outcome as a function of the treat-
ment and covariates. The model includes a wide class of nonlinear and complex treatment /covariate
interactions, allowing for the recovery of potentially interesting heterogeneities. Third, we use this
method to generate predictions of counterfactual outcomes, thereby predicting “direct” estimates
of relevant counterfactual quantities. Doing so allows us to recover average effects, by taking the
average estimated ICE across a sample, but also reveals underlying heterogeneities lost to standard
methods.

MDE combines three different sets of insights. The first, from machine learning, utilizes a
high-dimensional, nonparametric regression. MDE generalizes a linear model with fully-saturated
interactions between the treatment and covariates. The MDE regression fits a model with a large set
of linear and nonlinear interactions between the treatment and covariates, allowing the outcome to
vary flexibly and nonlinearly with both the treatment and covariates. The model requires evaluating
millions of possible interaction terms, and this procedure, which we describe below, serves as the

central estimation contribution P

2These bases constitute a larger space than those considered by earlier multivariate nonparametric regression

models that inspire our work; see [Stone et al] (1997)); [Friedman] (1991)) for seminal work and [Ravikumar et al] (2009)




Our second insight comes from statistical theory. We review the theory of optimal prediction in
a high-dimensional regression model, and show that MDE is also optimal for estimating a treatment
effectﬂ We then extend this theory, constructing a bound for estimating which observations that are
not impacted by an instrument. This is particularly helpful in the instrumental variables context
where we are able to identify observations that are “encouraged” by the treatment.

The third set of insights come from causal inference. Though we cannot observe both an

observed and counterfactual outcome (e.g. [Holland} [1986)), we can use our nonparametric regression

model to predict the counterfactual outcome. We then use these observation-level estimates to
construct average effect estimates as well as explore the uncovered heterogeneities. This is a form
of “predictive causal inference,”[] and we are the first to use a high-dimensional regression model
for causal estimation and prove that the effect estimates achieve desirable theoretical properties.

Just like standard regression or more recent methods like matching we, of course, cannot elimi-
nate the assumption that there are no omitted confounders. Researchers need to address this on a
case by case basis. But we can help ensure that the researcher is able to use the observed confounders
as effectively and flexibly as possible across a broad range of treatment types and estimands.

As part of this project, we have developed open source software with an efficient and easy-
to-use implementationﬂ The analyses below can be implemented using a line or two of code,
and computation times are certainly practical. This is important given that we are using a high-
dimensional non-parametric regression model that is computationally very intensive.

Throughout the paper we provide intuitions and pedagogic examples in order to introduce
readers to foundational tools and ideas that we utilize. This paper is a helpful place to start for
political scientists and other social scientists that want to know more about the intersection of
causal inference and machine learning. We have a unique and unifying approach but also relate
our approach to other methods. The paper proceeds as follows. Section [2] introduces the proposed

framework, estimation strategy, a set of illustrative and performance simulations, and theoretical

for recent work.

3 See, e.g., |Buhlmann and van de Geed (I2013[).
“For precursors, see [Hill] (2011]); [Hansen| (2008)); [Robins| (1989); |Rubin| (1984)); [Cochran| (1969)); [Belson| (1956);

e o)
F

ollowing advances by political scientists to bring feasible computation strategies to researches (e.g.,

[OTmsted] 016} [Cauderdale and Clarkl [2014] esp. Supplemental Information), we use a C + -+ back-end and a

computationally efficient estimation strategy.



results. Section[5]discusses the relationship between the proposed method and other work. Section [f]
re-analyzes data from a previous paper using instrumental variables. Section [7| concludes and

discusses future extensions.

2 The Proposed Method

We estimate the effect of perturbing a treatment variable on an outcome variable allowing for the
fact that this effect could be nonlinear, dependent on the values of other individual level variables,
or both. We first focus on the case with a continuous treatment, though a binary or categorical
treatment poses no additional problems. Later we extend the insights to the instrumental variable
setting.

We then discuss our estimation strategy and provide both pedagogic and performance simulation
evidence. Statements of several key theoretical properties follow, though we make extensive use of

appendices for the technical arguments.

2.1 Continuous Treatment

We assume a continuous treatment variable of central substantive interest. Each observation i €
{1,2,...,n} has a potential outcome function, Y;(¢), which maps some treatment level ¢ to outcome
Y;. The observed treatment level T; is a realization of random variable T;-, generating observed
outcome Y;(7;). The treatment variable and outcome might also depend on other variables that
precede treatment assignment, X;. These p variables are observed for every observation ¢, producing
a vector of these variables for each observation. There may be more covariates than observations
(p > n), and the covariates may include moderators, risk factors, prognostic variables, or simply
superfluous variables; the important point is that they are fixed and causally prior to T..

The causal effect of moving from one value of the treatment, 77, to another, 77, is

AT, TY) = Yi(TY) = Yi(T)) 1)

)

To identify this causal effect, we make the standard assumptions of no unobserved confounders

and non-interference between units ([mbens and Rubin] 2015} [Sekhon] 2009)) ff]

6We first assume the potential outcomes are ignorable given X;: Yz(i)iLi\X“ﬁ e {7}, T!}. This only need
hold near T; € {T},T/ rather than over the whole range of T;. We next assume the counterfactual is realizable

with positive probability, Pr(ﬁ =T;|X;,T; € {T/",T!}) > 0. Last, we assume potential outcomes do not depend on



We can observe the realization of at most one potential outcome, so we cannot directly calculate
A;(T!,T}). Rather, we condition on the pretreatment covariates, estimating the conditional effect
for observation ¢ as E(A; (T}, T)| X;), the expected change in outcome for an observation with profile
X;. To reduce concerns over whether 7! and 7! might occur with positive probability, we focus on
a counterfactual estimate close to the observed data. We assume 7] = T, the observed value, and
T!" =T, + ¢ for some small perturbation 9.

In the limit, we target a first partial derivative for each observation, lims_,o V1,(9), where

Vr,

k3

(6) = B (Y. (T, +8) - Vi(T) |} )

This estimand captures the impact of a ceteris paribus perturbation of the treatment on the out-

comem Modeling this local confounding returns an estimate of the “instantaneous causal effect”

(ICE, see e.g., [Stolzenberg| (1980]) )—a marginal effect for an observation with covariate profile X;.

The standard means of estimating a marginal effect is a linear model,
Y = py + BT + X'y + &; E(e]X;) =0 (3)

where 3, a global slope term, is interpreted as the average marginal effect of T; on Y;. The slope term,
though, may not be homogenous over the sample, varying with X; in interesting and informative
ways.

We instead model the outcome as

Y =py + f(T;, Xs) + 9(Xi) + €; (4)
0 .
9T (T, Xi) |y, = lim Vr,(9) (5)

where f(T;, X;), g(X;) are nonparametric functions of the covariates and the derivative of f(7;, X;)
is an ICE for obseration z|§| The function f(T;, X;) allows a non-linear, interactive relationship
between the treatment and the covariates. The additional function, g(X;), is not a function of the

treatment. It captures confounding effects, and may also include non-linearities and interactions.

treatment or outcomes of others and there is a single version of each treatment level. See Appendix [A] for additional

details.
"We assume in this case that ignorability holds in a continuous, open interval around the observed value T}, i.e.

Yi(T)ALT;|X;, T; € (T; — 65,T; + 65) for some 65 > 0 and that E(Y;(T})|X;) is differentiable in its manipulable

argument at the observed value.
8We assume, for identification, that f, g are mean-zero.



We estimate f(7;, X;), g(X;), and hence the ICE, using a high-dimensional, nonparametric re-
gression that we describe in Section [2.3]

2.2 Categorical and Binary Treatments

The preceding discussion extends naturally to binary or categorical treatments. MDE estimates a
single outcome model to predict the outcome under different treatment conditions, so it can easily
predict the impact on the outcome of moving the treatment from 7; = 0 to T; = 1. The estimated
average treatment effect is then the sample average of the predicted shift in outcome moving from
T; = 0 to T; = 1. The effect on the treated can be calculated by simply taking the average over the

treated observations. We provide a more thorough discussion in Appendix [B]

2.3 Estimation: High Dimensional Nonparametric Tensor-Spline Re-
gression

We next describe the estimation strategy for MDE. Our central focus is on reducing model depen-
dence, where estimates can be impacted by the inclusion or omission of a nonlinear or interactive
term. MDE fits a model for the outcome that allows for flexible, nonparametric interactions be-
tween the treatment and covariates. We use “basis functions” to capture nonlinear relationships (a
brief introduction to basis functions is given below).

Our estimation approach is novel, in that it fits a flexible model to a large number of nonpara-

metric bases and their interactions. Estimation proceeds in four steps.

1. Generate a large (on the order of millions) set of functions of the treatment and covariates,
including linear terms, nonlinear terms, and their interactions. We describe how we generate

these non-linear terms and interactions below.

2. Use a screening procedure to select a subset of these millions of nonlinear functions, reducing

their number from millions to hundreds or thousands.
3. Use a high-dimensional Bayesian regression to fit the model.

4. Use the estimated model to predict the counterfactual quantities of interest and estimate

instantaneous causal effects for each observation.



Before some details, we provide a brief introduction to nonparametric regression and basis func-
tions, and then a simple illustrative simulation (Section covers a set of performance simulations

compared to other methods).
2.3.1 Introduction to basis functions

We employ a nonparametric regression model that models the outcome as an additive sum of a large
number functions of the covariates, called basis functions. Basis functions, also known as “blending

I

functions,” can be added together to approximate other functions.ﬂ

In linking machine learning methods and causal estimation, we show that our ignorability as-
sumption implies that the treatment should be modeled as piecewise linear bases; see Appendix
[Al For intuition, the ICE is a partial derivative of the potential outcome function at the observed
value, so using a locally linear model will best capture this derivative. Since we make no ignorability
assumption on the background covariates, we model those using a set of both piecewise linear and
smooth bases.

The top row of figure [I| provides examples of bases we use to model the treatment. They are
flat at zero and elsewhere a triangle or straight line. Where the function departs from 0 is known
as a knot; these knots can be widely spaced out (left hand side) or close together (right hand side).
These are “degree-2” B-splines, where the degree is one plus the number of non-zero derivatives.
Because these functions are locally linear, they only have one non-zero derivative.

Sets of basis functions can be added up in order to approximate a more complicated function.
For example, the middle row of figure[l| plots the a simple bivariate relationship between a treatment
and an outcome. As can be seen it is highly non-linear, with the drawn arrows indicating the ICE
at three selected points. The bottom row plots the result of using an additive set of piecewise linear
B-splines to approximate the true non-linear function. For this reason the line is slightly jagged as
the functions that go into this themselves are all locally linear (straight lines between the knots).

Rather than trying to “guess” the right specific function, sets of basis functions can be combined
to provide an accurate local prediction. MDE uses a collection of these functions that add up, just

like the covariates in a regression model.

9For a comparison of our approach and kernel estimation, see Appendix [J| See (2008) for a helpful intro-

duction for social scientists.
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Figure 1: Combining Basis Functions to Model Nonlinearities. This figure illustrates how
MDE uses basis functions to approximate an outcome. The top row provides examples of basis
functions, which are flat at zero and elsewhere a triangle or straight line. Where the function
departs from 0 is known as a knot and these knots can be widely spaced out (left hand side) or close
together (right hand side). Sets of these basis functions can be added up in order to approximate a
more complicated function. The middle row plots an example of a nonlinear bivariate relationship
between a treatment and an outcome. Arrows indicate the ICE. The bottom row plots the result
of using an additive set of B-splines to approximate the true non-linear function. Rather than
assuming a functional form, sets of basis functions can be combined to provide an accurate local
prediction.

2.3.2 Illustrative simulation of MDE

Given our intuitions on basis functions from above, we next illustrate the steps in MDE’s estima-

tion process. In each of two settings, we have one thousand observations, a continuous treatment

8



and outcome, and ten covariates, drawn from a standard multivariate normal with correlation 0.2
between each pair[!”)

In the first example, a single linear variable, X;;, confound the relationship between treatment
and outcome. The second setting adds a second confounding variable, X;, but its impact on the
treatment is nonlinear and its impact on the outcome is a nonlinear interaction with the treatment
(T; x X3%). This simple example shows how MDE handles both nonlinearities and interactions
simultaneously. The two models are

10

Setting 1: Y;=Ti+ Y XufB+ e (6)
k=1
10
Setting 2: Y; = T+ T; x X3+ > X + € (8)
k=1
Ti=14+ Xy + X2 +u, (9)

The true ICE in the first model is 1 for all observations, and in the second case it is 1 + X3.

We illustrate our estimation strategy in Figure [2| For each figure, the x-axis contains X5, the
moderating variable in the second setting, and the y-axis contains the ICE. The first setting is in
the top row, the second in the bottom. The first column contains the observed data for each setting
and below it a subset of the constructed bases. In this specification, we consider over 1.4 million
bases, consisting of linear and nonlinear bases. We plot only a subset of these bases at the bottom
of the plots in the first column. As we are plotting the moderating variable, X, in both cases some
bases are smooth (as opposed to locally linear for the treatment variable on its own).

In the second column, we include the true systematic component (grey line) and, at the bottom
of each plot, the bases that survive our screening and estimation procedure. These are the bases
maintained after the marginal correlation screen and then not zeroed out by our regression model.
The sum of the maintained bases gives the estimated ICE, as shown in the third column. We see
that in this example, MDE successfully captures both the homogenous effect (top, does not depend
on X;,) as well as the heterogenous nonlinear causal effect (bottom, depends on X3). Since these
basis functions are constructed from covariates, we can look at the selected basis functions and map

them directly back to covariates of interest. Next we turn to discussing these steps in slightly more

0Tn both settings, By = 1/k, €; L N(0,1), and u; b N(0,9).

9
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Figure 2: Pedagogic simulation results for the linear case (top row) and non-linear inter-
active case (bottom row). The first column plots the observed outcome against the instantaneous
causal effect (ICE), along with a subset of considered bases. The second column plots a subset of
bases retained after both screening and estimation procedure. The third column presents the esti-
mated marginal effect for each observation against Xs, which in the bottom row is a moderating
variable.

detail.
2.3.3 The Assumed Model

We next describe our estimation procedure. We begin with an assumed model. In a standard
regression model, the researcher may assume the data are generated as Y; = py + T;0 + XZ-T B+e€, a
standard linear model. The important distinction is that the researcher knows, or at least assumes,
the outcome is linear in Xj.

Instead, we assume the data are generated from a (possibly infinite) set of bases (R°(7}, X;)) and
parameters (c°), where the o superscript denotes the true data generating value. These bases are
not known a priori, and must be estimated from the data. Given these bases, though, the observed

data are generated as
Yi = py + RT3, Xi) T + ¢ (10)

with ¢; =N (0,0?%) and each basis in R°(T}, X;) scaled to be mean zero and unit variance.

It will be convenient at times to split the bases into two components, one that varies with T;

10



and one that does not,
RO(E7X1') = [ %X(Ea)(l)?Rg((X’l)]? = [C%Xacg(]v (11>

as only the first component determines the ICE. In the notation from above, f(T;, X;) = R (T3, X;) "¢«
and g(X;) = R%(X;)"c%.
We turn next to our procedure for constructing a plausible estimate of R°(T;, X;) from the data.

2.3.4 Generating Bases

We implement a set of bases that allows us to model the outcome and the ICE as interactions
between nonparametric curves. For example, a particular basis function of the treatment can be
interacted with some other basis function of a covariate. This lets us explore an extremely broad
range of candidates in our quest to recover (R°(T;, X;)). In effect, we construct a basis for the
outcome that contains nonparametric bases in the treatment and covariates while allowing for
treatment X covariate, covariate x covariate, and treatment X covariate X covariate interactions.
See Appendix [E] for a formal characterization.

In terms of Equations above, the bases involving the treatment are used to estimate f(7;, X;).
Bases not involving the treatment are used to estimate the component that is only a function of
the pre-treatment covariates, g(X;).

As described above (see Figure |1l and Appendix [Al), we construct piecewise linear bases from
the treatment. Namely, we implement degree 2 thresholded power-basis and degree 2 B-splines
of varying knots, for 24 total bases. We describe precisely how we construct these 24 bases in
Appendix [E| but our primary goal was in choosing enough bases to flexibly accommodate even
complex functional forms, as shown in Figure [I}

For each covariate, we use a B-spline basis of varying knots and degree (see section for a

review and [Gyorfi et al| (2002)); [de Boor| (1978)) for a more rigorous overview). Unlike the treatment

variable, we allow for smooth nonlinearities. Again, we construct 24 bases from each covariate; see

Appendix [E] for details. Note that this is already dramatically more than in current cutting-edge

work in machine learning, even before we add interaction terms. For example [Ravikumar et al]

(2009) implements only three bases per covariate, and does not allow for interactions between the
nonparametric curvesﬂ Again, we are interested in constructing a sufficiently dense set of bases to

accommodate a complex set of functions, as illustrated in Figure [2]

11 We include this method in our performance simulations.

11



Given these sets of bases, 24 for the treatment variable and each of the covariates, we construct
a massive set of bases, all treatment x covariate x covariate terms and the lower-order terms.
Two mechanical aspects of our estimation procedure help MDE’s performance at this stage. The
first is that all of the bases are “bounded.” To see this, consider Figure 2] The bases do not go

off to infinity at the boundaries of the data, as a line or quadratic term would. Using bounded

bases can dramatically increase the stability of the model. Second, we follow [Ratkovic and Tingley]

and construct all interactions so that they are uncorrelated with their lower order terms.
High dimensional models suffer with highly correlated terms, in much the same way that correlated
terms in a regression can inflate the variance of associated estimates, leaving the researcher uncertain
as to which variables to include. Interaction terms can be highly correlated with their lower-order
components, so constructing interaction terms uncorrelated with their lower order constituent terms

reduces the variance in our estimates.
2.3.5 Screening Bases

We allow for nonparametric interactions, a tensor-product regression, by interacting all of the
nonparametric bases as described above. Twenty-four bases for the treatment and for each of p
covariates gives (1+24) x (1424 x p) x (1+ 24 x p) total bases. Even a modest p generates a large
number of bases; p = 10 gives over 1,450,000 bases and p = 20 over 5, 700,000. This places us in
an “ultrahigh” dimensional setting.

Even modern machine learning methods struggle or fail, for computational or statistical reasons,

in this ultrahigh dimensional setting. For that reason, we implement a Sure Independence Screen

(SIS) (Fan and Ly} [2008) as a first step. The screen works by taking the massive number of bases

and only maintaining those with the largest correlation between the outcome and the basis. We
want to select a sufficiently large and rich set of nonparametric bases to approximate a wide set
of models; in our software and the analyses below, we maintain the 100 x (1 + N'/°) bases with
the largest unconditional correlation with the outcome.EAppendiX @ provides additional technical

discussion.

12Gtatistical theory suggests a growth rate of N1/5 (e.g. 15.10), and we settled on the 100 to make
sure a reasonable number of bases were maintained even for a small N. Memory and computational speed are a
concern. To preserve memory, we construct millions of bases, but at any given point in their construction we only

save the 100 x (1 + N'/%) bases with the largest absolute correlation with the outcome.

12



2.3.6 A High-Dimensional Nonparametric Prediction Model

Even after screening, we still have hundreds or thousands of nonparametric bases. Regressions of this

magnitude, though, can be estimated reliably using existing high-dimensional regression methods.

We implement the high-dimensional regression described by |[Ratkovic and Tingley| (2017)). This

work was focused on variable selection, estimating a subset of bases that are likely non-zero. Our
problem is subtly different: we want the best predictive modelﬁ We adapt their prior structure
in order to achieve theoretically optimal predictive rates. Details appear in Appendix [F] Here we
summarize the key takeaways.

We implement a Bayesian regression model that uses a machine learning approach known as the
LASSO, and in particular it is a modification of the adaptive LASSO , . LASSO models

are regression models where the model selects many variables to have an effect of zero, known as

“regularization.” For an introduction to the LASSO, see [Hastie, Tibshirani and Friedman.| (2013}
ch. 3).
Our extension of the LASSOPIlus model, which we call Predictive LASSOPlus, ensures that

estimates have an important theoretical property discussed below dealing with the prediction error.
Essentially, our estimates of observation-level counterfactuals are constructed such that they will 1
achieve a least upper bound on the possible predictive error (a “minmax” or “oracle” bound; see
Section 3| for additional details). The model also has other important theoretical qualities discussed
in more detail in Appendix [F} For example, the Bayesian prior we use is “proper”, meaning we have
a well-behaved posterior estimate, even when we have more candidate bases (p) than observations
(p > n). The prior is also proper when n > p. Finally, unlike standard LASSO models we do not
have to deal with “tuning” parameters that need to be selected via some external method such as
a BIC score or cross-validation (see Appendix [F] for additional details)[]

Most importantly, we can use the model returned by MDE’s Predictive LASSOPlus model to
make counterfactual predictions for each observation. This allows estimation of observation-level

causal effects, to which we turn next.

13The difference is akin to that of selecting a model on the BIC versus AIC.
14We regularize large effects less aggressively than small effects which focuses attention on parameters more likely

to have important impacts. This helps to avoid data dredging and forking path problems that can be problematic

when estimating heterogeneous effects. See Appendix |E| for additional details.
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2.3.7 Counterfactual Prediction

Central to causal inference is the question, “what if?” What if we changed the value of the treatment
for an observation to some other value? This difference between an observed and counterfactual
value is the causal effect. We are now at point where we can provide a reliable answer to that
question. Specifically, we can use the regresion model from above to estimate the ICE, the impact
of a small, counterfactual, perturbation of the treatment on the outcome.

We construct both fitted values and counterfactual estimates from our fitted regression coeffi-

cients, ¢. Given these coefficients, we construct
2 = iy + Rrx (T3, Xi) "rx + Rx(X;) "Cx, (12)

which is simply the fitted value for Y;.
We can next write use our model to predict counterfactual estimates (superscripted by c¢f) with

the treatment perturbed by 9,
Vel = iy + Rex(Ti + 6, X;) Terx + Rx(X:) Cx. (13)

These are our counterfactual predictions.
Our causal effect estimate is defined as the observation-level difference between two potential
outcomes. Absent the opportunity to observe these outcomes, we instead use our model to predict

the two outcomes. We can then subtract these two outcomes to estimate the instantaneous causal

effect,
~ 1~
V10) = LB 0T +8) ~ (T)|X) (14
1 (o o
=5 (V7 -7) (15)
1 —~
=3 (Rrx(T; + 6, X;) — Rrx (T3, Xi))T crx. (16)

We approximate the derivative by choosing ¢ close to zero; we take § = 107° in practiceF_gl

2.4 Performance Simulations

We argue below that MDE works “in theory,” but we also want to assess its relative performance

“in practice.” To that end, we conducted an extensive simulation study, varying the sample size,

15See Appendix [F| for more on estimation.
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number of covariates, and the complexity of the underlying true model. We find MDE performs quite
well relative to extant machine learning methods in estimating fitted values as well as treatment
effects.

The simulations isolate the effect of our two major contributions: the large set of considered
bases as well as the Predictive LASSOplus model. To isolate the impact of Predictive LASSOplus,
we use the same set of bases but compare MDE to other prior specifications. We look to prominent
alternatives, a cross-validated LASSO and two sparse Bayesian priors: the horseshoe and Bayesian

Bridge ((Carvalho, Polson and Scott] [2010; [Polson, Scott and Windle| [2014]).

To isolate the impact of our bases, we compare MDE to methods that generate their own basis
functions: kernel regularized least squares (Hainmueller and Hazlett] 2013), POLYMARS
et al] [1997), and Sparse Additive Models (Ravikumar et al] 2009). We also use non-regression

methods: Bayesian additive regression trees (Chipman, George and McCulloch| 2010)), gradient
boosted trees (Ridgeway] [1999)), and the SuperLearner (Polley and van der Laan| [N.d.).

Across settings, MDE is either the best performer or one of the best. Appendix [H] contains a

detailed discussion of the setup and results.

3 Oracle Bounds for Predicted Values and Derivatives

We next present several theoretical results that give us more confidence in MDE. As they are
rather technical, we discuss the results and their use cases while deferring a full formal statement
to Appendix [G In addition, the following discussion helps to introduce political scientists to some
core concepts and recent developments in evaluation metrics used in the field of machine learning.

MDE utilizes a high-dimensional, nonparametric regression for estimating treatment effects.
Theoretical guarantees for these models, such as consistency and bounds on predictive accuracy,
derive from a formal characterization of the distance from an estimated model to the truth. Heuris-
tically, we characterize this distance by its level of over-fitting: the extent to which a model’s
predicted values reflect peculiarities in the observed sample rather than a real trend in the data.
Over-fitting data can lead to a misleading model with poor generalization, since it is explaining
only the current data set and not the next one.

The literature in this area has developed a common set of performance expectations (see

(Buhlmann and van de Geer} [2013] for an overview). Theoretical results involve characterizing

the level of over-fitting, developing an upper bound on this level of over-fitting, and developing
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estimators that shrink this upper bound as quickly as possible as the sample size grows. These
theoretical performance results are important, as it is not immediately obvious which estimators
can produce estimates for which functional forms, given that the number of nonparametric bases
grows in the sample size. The goal is to generate estimates such that the prediction error diminishes
in the sample size at some guaranteed optimal rate.

In slightly more technical terms, over-fitting can be thought of as a difference between how well
the observed data is fit by the estimated model versus the true population model. For example,
consider the maximum likelihood estimate for a sample mean. Since the maximum likelihood
estimate is maximizing the likelihood, as its name implies, the likelihood evaluated at this estimate
will be greater than (techincally, no less than) the sample likelihood at any other level-including
the true population value. The difference between the log-likelihood maximized on the sample and
the log-likelihood evaluated at the true value is an example of “excess risk.” This notion of excess
risk is a formal representation of over-fitting, capturing the extent to which a sample estimator fits
the observed data better than the true parameters.

The goal of the theoretical analysis is to generate a probabilistic bound on the estimator’s “excess
risk”. The most ubiquitous example of a probabilistic bound is the confidence interval: we expect
a bound constructed from a point estimate plus or minus two standard errors to contain the true
value 95% of the time, over repeated samples. The standard 95% width, or 5% error rate, is a
user-controlled probability of acceptable error. The confidence interval contains the two elements
of a probabilistic bound, the width and the probability of the bound holding. As with confidence
intervals, the wider the excess risk bound, the more likely it is to hold, but the less informative it
is.

The optimal estimator that achieves the tightest probabilistic bound on the excess risk is called
an oracle esttimator. In other words, an oracle estimator will achieve the minimal possible maximal
distance between the true and estimated model, with some fixed probabilitym

Our theoretical results, presented in Appendix[G] provide two probabilistic bounds on the excess
risk of the MDE estimator. Our first, and standard, result shows that the MDE regression model is

an oracle estimator for the conditional mean of the outcomel/l’] This result establishes that as the

16For this reason, they are sometimes referred to as “minmax optimal estimates.” For a recent overview see

|Buhlmann and van de Geerl (I2013|).

M1n fact, we constructed predictive LASSOplus such that the estimated values would be minmax optimal; see
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sample size grows, the probabilistic bound on the gap between our model and the truth is shrinking
at the fastest rate possible.

The second bound is new and one of the project’s innovations. We show that our treatment
effect estimate is also an oracle estimator. Treatment effect error captures how close an estimated
treatment effect is to the true treatment effect. Error in fitting the data and error in fitting a

treatment effect are two distinct concepts. A model optimal for the one need not be optimal

for the other (see [Athey and Imbens| [2016] for extended discussion). Our theoretical approach

provides a sharp distinction from work that focus solely on estimating an outcome. For example,

the SuperLearner advocated by (van der Laan and Rose} [2011)), explicitly targets predictive accuracy

rather than accuracy in causal effect.

This theoretical result is driven by the fact that we interact piecewise linear splines with the
covariate bases. When we take the derivative of the fitted values with respect to the treatment, we
are left with bases that are (piecewise) in the outcome model. As such, we show that the treatment
effect estimate inherits the minmax properties of the outcome model in the submodel, f(T;, X;),

that predicts the ICEH

4 Extending to Instrumental Variables Estimation

A treatment and outcome may be mutually determined by a confounding variable, biasing linear

models. In these cases, an instrument (or “encouragement”) can recover a consistent causal estimate

under a well understood set of assumptions (e.g.,[Sovey and Green| [2011)): an “exclusion restriction”

that the instrument have a direct effect on the treatment but not the outcome, a “monotonicity
assumption” that the impact of the instrument on the treatment is not positive for some observations
and negative for others, and a “validity assumption” that the instrumen have some impact on the
treatment. MDE easily extends to this setting given that IV still uses regression models. MDE
allows for a fine-grained analysis of an IV model, while also relaxing the monotonicity assumption

and estimating which observations are impacted by the treatment. See Appendix [C| for details.

Appendix
18See Appendix [G| for further intuition and derivations.
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4.1 Two-stage least squares

IV analysis is normally motivated by the following model, with Y; the outcome, T; the treatment,

Z; the instrument, and covariates Xj.

Vi =py + 0T + X;' B+ €; (17)

Ty = pr + Zio + X[y 4w (18)

A correlation between the treatment and error (Cov(7},¢;) # 0) leads to biased estimation of 6.
If the instrument, Z;, satisfies the exclusion restriction then we can use this estimate to recover a
consistent estimate of 6 for observations for which Cov(7;, Z;| X;) # 0.

Estimation most commonly occurs through two-stage least squares (TSLS).H The TSLS esti-
mator can be written as a ratio of the first and second stage covariances,

grsLs _ Zf\; Cov (Y, Zi|Xi)'
Sy Cov(Ty, Zi| Xi)

(19)

This expression is a ratio of summations,m and hence generates a single estimate averaged over the
entire sample.

Summing over the sample in the numerator masks heterogeneities in the causal effect, to
which we return below. For example, summing over the sample in the denominator masks het-
erogeneities in compliance. The instrument may affect treatment assignment for some observations
(Cov(T;, Z;| X;) # 0) and not others (Cov(7;, Z;| X;) = 0). The affected observations are the only ob-

servations for which a causal effect is identified. We borrow from the binary treatment/instrument

setting and call these observations compliers (e.g.,|Angrist, Imbens and Rubin| {1996]). We will refer

to observations positively affected by the instrument (Cov(7;, Z;|X;) > 0) as encouraged and those
negatively affected by the instrument (Cov(T;, Z;|X;) < 0) as discouraged. The compliant subset
consists of encouraged and discouraged observations.

By allowing the impact of the instrument and the treatment to vary over the sample, MDE
provides a more nuanced approach to instrumental variable estimation. MDE accommodates en-

couraged, discouraged, and non-compliant observations, estimating which observations fall in each

19The TSLS estimator equals the OLS estimate of the effect of T; on Y; when Z; = T} V i, i.e., if encouragement

is perfect. With a binary treatment and instrument, the TSLS estimator is the Wald estimator.
20We denote Cov(Y;, Z;| X;) = (Y; — }71)(ZZ — Z) where f/z‘, ’Z\l are fitted values given X;.
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category. MDE also allows for heterogeneity in the treatment on the outcome, adding empirical

nuance to the researcher’s analysis.

4.2 Local Instantaneous Causal Effect (LICE)

We now formally introduce our approach for IV analysis@ We use MDE to estimate the the Local
Instantaneous Causal Effect, or LICE, which is the instrumented causal effect of the treatment
on the outcome, for observation with covariate profile X;. As with TSLS, our model is theorized
in two elements. The first is the instantaneous encouragement from perturbing the instrument on

observation ¢ and is equivalent to ICE of the instrument on the treatment,
VY (0) = B(Ti(Zi + 0) — T(Z:)|Xy), (20)

As before, we must condition on X; in order to to recover an observation-level estimate.
The second element, the instantaneous intent to treat on the treated, measures the impact of the

instrument on the outcome,
VIV (8) = E{Y; (T(Z) + V5 (6)) = Vi (Th(2) | X} (21)

As in TSLS, we construct a ratio from these two estimates. In particular, we define the Local
Instantaneous Causal Effect (LICE) as

L O
REAZA0)

(22)

The estimated LICE is a two-stage least squares estimate that varies with X;, bringing the
underlying heterogeneity to the fore. We show in Appendix [C] that the LICE can be expressed

equivalently as the result from plugging in fitted values of T; into the second stage model:

VIV (6)
3 v — 13 Tz
iy Va2 0) = I 91 ) )

-~ Cov(Ty, Zi| X:)'
We are no longer summing observation level covariances over the sample, as with TSLS (See Equa-

tion . Instead, MDE will estimate an effect for each observation, given its covariate proﬁle.@ The

21See Appendix |C| for derivations.
22The covariances in the LICE are taken over repeated samples, for an observation with covariate profile X;. Since

we observe only one observation with each profile, estimating this relationship requires pooling or sharing across

other covariate profiles; see |Robins and Ritovl (|1997|).
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LICE is still a ratio, but it varies over the sample. When there is no heterogeneity and everything

is entirely linear, the average LICE over the sample equals the parameter estimated by TSLS.

4.3 Using bounds to estimate compliance status

We next use these oracle bounds on the ICE to resolve an important issue in IV analysis: how to
discriminate between compliers and noncompliers. A common critique of IV analysis is the gap
between the population off which a causal effect is identified (i.e., the compliers) and the overall
observed population. Standard tools like TSLS (Equation sum over these distinct subgroups.
This generates an external validity problem .

Using our oracle bounds on the ICE, we can construct a bound around a zero first stage effect
at the observation level, such that estimated effects beyond this range are unlikely due to sampling
noise. Returning to the confidence interval analogy, our bound is akin to constructing a predictive
confidence interval for the the first derivative of the instrument on the treatment. This enables
separating noncompliers from compliers by whether the observations’ estimated first-stage effect

(ICE) falls inside or outside the interval [

5 Related Work

Our approach to modeling counterfactuals incorporates insights from several different fields, as we
discuss next. Appendix [J] contains a more detailed discussion.
First, we connect with the causal estimation literature. Rather than a two-step procedure as

with matching or inverse weighting, we estimate a fully saturated nonparametric model for the

outcome. While we still make assumptions (e.g., |[Robins and Ritov} [1997)), we avoid the inevitable

and impactful consequences of misspecification of the matching or inverse weights model. We also
build out beyond the binary/categorial treatment context that is the focus of most causal inference

work. Finally, our focus on targeting a treatment variable is shared with the targeted maximum-

likelihood approach in [van der Laan and Rose| (2011)). We depart from this approach in that we do

not target an aggregate parameter of the sample and do not use ensemble methods@

Second, we connect with a literature on estimating derivatives developed in engineering as well

23 Additional technical details are provided in Appendix @
248ee [Samii, Paler and Daly] (2016)); [Grimmer, Messing and Westwood| (2017)) for applications of ensemble methods

in political science.
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as economics; see |[O’Sullivan| (1986)); [Horowitz| (2014]) for overviews and [Hardle and Stoker| (1989));
(11994]) for seminal work. The economics literature has focused on causal interpretations of
a structural model (Haavelmo] [1943} [Hansen] 2017} [Pearll 014} [Angrist and Pischke] P009). We

differ from these through the use of non-parametric tensor splines as well as the consideration of a
large-p setting.

Third, we connect to the fast growing literature on high-dimensional regression modelling. In-

spired by the “POLYMARS” multivariate tensor-spline model of [Stone et al| (1997), we differ in

considering a much broader model space and consequently a different interaction@ Additionally,
[(Hainmueller and Hazlett| (2013) introduced kernel-regularized least squares (KRLS, (Rosipal and
2001))) to political science. KRLS also uses basis functions to relax parametric assumptions.

However, KRLS uses a different family of basis functions constructed from the pairwise distance
between observations. Rather than bases that map back to observations, we use bases that map
back to covariates. As political science theorizes variable-outcome relationships, we feel this offers
a more natural fit for political science. An implication is that KRLS is ill-suited to map estimated
effects back to driving variables, without an intermediate estimation and exploration stage, while
it is direct and natural for MDE. See Appendix [J] for more discussion.

Finally, we connect with an emerging literature adapting machine learning methods to structural

models, including nonparametric regression models and random forests ([Newey}, 2013} [Belloni et al.|

(2012} [Athey, Tibshirani and Wager] [2016)). While these works target an aggregate parameter, we

are somewhat closer to [Heckman and Vytlacill (2005)) who target observation level estimates in

their “Local IV” setting. We differ in several respects including using an Oracle bound to estimate
non-compliers in the data. In separate work we extend the method to other structural models like

mediation or sequential-g estimation.

6 Application

We next illustrate the flexibility of MDE through an IV analysis. The first stage analysis involves
estimating the impact of the instrument on the endogenous treatment, which illustrates the use
of the ICE introduced in Section [2.1] This stage generalizes the first stage of TSLS, where the

endogenous variables is regressed on the instrument, to the MDE model. As such, this example

250n the use of interactive nonparametric (“tensor-product”) terms see (12002]).
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illustrates two use cases for MDE, treatment effect and IV estimation. We show that MDE generates
more powerful first stage estimates, allows us to estimate compliers, and uncovers substantively

interesting heterogeneities in the data.

6.1 Using an Instrument to Estimate Heterogeneity in Political Behav-
ior
In 2009, the Liberal government in Ontario, Canada encouraged the adoption of wind turbines
throughout the province. Though broadly favored by the public, the turbines led to local backlash
among those closest to the turbines. estimates the causal effect of introducing a nearby
wind turbine on change in vote share for the Liberal, pro-green party in Ontario between 2009 and
2011, i.e., the treatment effect on the treated. The treatment is binary, for whether a precinct is
within 3 km of a turbine, and is instrumented by wind speed. In the original analysis, data are
pre-processed via matching, so each treated precinct is paired with a similar untreated precinct.
The precincts are matched on demographic variables (average home value, logged; proportion with
a university degree; median income, logged; and population density, logged) and the IV model
fit using the instrument and geographic variables (minimum distance to a Great Lake, linear and
squared; longitude and latitude as linear, square, and interaction terms). Fixed effects per electoral
district are included in both stages. We note that the inclusion of the square and interaction
terms indicates the author’s sensitivity to problems with a simple linear fit, which we accommodate

through our nonparametric specification instead of user-specified higher-order terms.

We fit the following model to the observed data, using MDE:

Yi = py + Ri(T3, Xi) Ter + Ro(Xi) Tea + €] (25)

T; = pr + Rs(Z;, X;) Tes + Ry(X) Tea + €] (26)

where Y; is the change from 2009 to 2011 in Progressive voteshare for the precinct; 7; is binary
for whether a turbine is within 3km of the precinct; Z; is the instrument, wind speed; and X; are
the controls given above.

This model is structurally similar to the standard IV model (as in Equations [17{18), with one
model for the outcome and one for the endogenous treatment. We relax the TSLS linearity as-

sumptions rather dramatically, as each of the R(-) elements consist of tensor-product bases that
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can accommodate a wide range of possible functional forms. This allows for flexibility and hetero-
geneity at both the first and second stage.

As with the standard IV model, we assume windspeed satisfies the exclusion restriction. We
do not need to assume monotonicity, i.e., that the impact of windspeed on adoption is uniformly
positive or negative. We also do not need to assume that the instrument is not weak, since we can
estimate the observations for which wind speed appears to have an influence on turbine placement,
as described in Section 4.3l

We estimate the model using a two-stage approach. In the first stage, we estimate the impact
of the instrument on the treatment (¢, ¢y in Equation . We then plug-in 7} into Equation [25]in
order to estimate the causal parameters of interest ¢; as well as the parameters associated with the
excluded exogenous variables (¢3). Uncertainty estimates are produced through a nonparametric
bootstrap.

Estimating the LICE through MDE offers the same benefits of standard IV analysis, namely
estimating an average causal effect for observations impacted by an instrument. MDE offers three
additional advantages. First, MDE estimates the compliant subpopulation. This advance improves
both the internal validity, as the researcher knows which observations drive the estimate, as well
as external validity, as the researcher can characterize to which sorts of observations the estimated
effect can be extrapolated. Second, MDE offers a more powerful method for estimating an in-
strumented effect. A linear model constrains the manner in which an instrument can affect the
treatment, and likewise the treatment on the outcome. MDE allows for a richer relationship. We
illustrate below through a cross-validation exercise that MDE’s interactive, nonlinear model better
explains the observed data than a simple linear model. Third, the model allows us to characterize
the underlying nonlinearities, revealing interesting substantive insights. We illustrate each of these

advantages in turn below.

6.2 Estimating an Average Effect

As described above, MDE can be used to estimate an average effect, similar to two stage least
squares. Before moving to the advantages of MDE over TSLS, we compare the two methods’
estimates of the average effects.

Table [1| shows that MDE and TSLS return similar average effects. The first column follows
the original study (Table 2 in ), using the matched data. In the second analysis, we
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Model 1 Model 2 Model 3

TSLS -0.077 -0.103 -0.101

(-0.129, -0.0247)  (-0.171, -0.0355) (-0.187, -0.0144)

MDE -0.033 -0.040 -0.107

(-0.0799, -0.0145)  (-0.0789, -0.0173) (-0.131, -0.0659)

MDE-compliers -0.034 -0.038 -0.107
(-0.0816, -0.024)  (-0.0658, -0.0114) (-0.124, -0.0617)

Sample size 718 718 5973

Table 1: Results from TSLS and MDE on Local Average Effect on the Treated. The table reports
the estimates and confidence intervals for TSLS, MDE, and MDE on the estimated compliant
subset, respectively. Columns correspond with Model 1, on the matched dataset controlling only
for geographic variables; Model 2, on the matched dataset including all controls; and Model 3, done
on the full dataset with all controls. We see the results from MDE agree with the TSLS estimates
in sign and magnitude, though with smaller standard errors.

reintroduce the demographic variables to the matched dataset. In the third analysis, we use all
variables but on the full, unmatched dataset. In Models 1 and 2 in Table [} we have used this
matched data in order to directly compare our results with the original study. To calculate an
effect on the treated, though, MDE does not require a matching step. MDE can be fit to the whole
data and the LICE can be estimated by taking the mean over the observed treated observations,
sidestepping the need for matching. For this reason, we analyze the full dataset in subsequent
sections.

The first two rows contain the results from two stage least squares and the confidence interval,
respectively. The next two rows contain the results from MDE, with the effect calculated using only
treated observations. The final rows contain the results calculated from the compliant observations,
which are the precincts in which wind speed was estimated to have some impact on the probability
of a turbine being placed there. We more fully analyze the compliant subset below, but note that
MDE and TSLS largely agree, in terms of sign, magnitude, and significance. This correspondence
need not happen in practice, especially if the TSLS model is severely misspecified due to non-
linearities and interactions. In what follows we discuss how MDE enables a deeper understanding

of the data.

6.3 Estimating the First Stage and Compliant Subset

IV analysis hinges on the reliability of the first stage model. In the first stage, MDE estimates
the ICE of the instrument on the endogenous variable, the estimand given in Section 2.1 We first

24



Instrument versus First Stage

First Stage Estimate
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Figure 3: Nonlinear bi-variate relationship between instrument and fitted values of the endogenous
variable, for the treated observations. Estimated using MDE. Distribution of instrument and first
stage estimate presented via histograms. Loess smoother overlaid to characterize the non-linear
pattern.

investigage whether there is a non-linear relationship between the instrument and the treatment.
Figure |3| plots the instrument, wind speed, versus the first stage fitted values, the predicted prob-
ability of turbine placement using the full data set (similar results hold for the matched data)@
We find evidence for nonlinearities in the data. The instanteous encouragement is the slope of this
curve at each point. The instrument appears to have an impact above about 5.5, being flat below
this range.

MDE also allows for estimating compliers utilizing the threshold discussed in Section 4.3| Fig-
ure [ plots the value of the instrument versus the instantaneous encouragement for the 354 treated
observations. The solid lines are the estimated threshold, with observations in this threshold band
estimated to be unaffected by the instrument. We estimate that 73.2% (259) of observations are
encouraged, as expected, 4.2% (15) are discouraged, and the remaining 22.6% (80) are not compli-
ers. This suggests that the study’s findings, while valid, are limited to areas with a value on the

instrument of above 5.6.

26 As a validity check, we estimated a Generalized Additive Model (GAM), where the instrument is included as a
smooth function and all other variables are as in the original analysis. We find a similar non-linear relationship. A

GAM does not model interactions between the instrument and covariates, so it is more general than TSLS but quite

a bit less than MDE.
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Estimating Compliers

Estimated Threshold

for Compliers

Effect of Wind Speed on Placement of Turbine

5.4 5.6 5.8 6.0 6.2 6.4 6.6
Wind Speed

Figure 4: First Stage Effect versus Instrument with Threshold for Compliers.. The
estimated compliers are the observations that fall outside the threshold line. Eighty-three percent
of treated observations were encouraged by wind, such that higher wind speeds would have led to a
higher probability of a turbine being placed there. The compliant subset fall roughly in observations
with a windspeed between 5.6 and 6. Results come from Model 3; results from Models 1 and 2 are
qualitatively similar.

6.4 Effect Heterogeneity

We next establish that a model with nonlinearities and interactions, MDE, better explains the data
than a linear model. Having established that there are likely nonlinearities, we analyze them in
two stages. First, we compare the first and second stage estimates to explore how the treatment
effect and encouragement covary. Second, we characterize some of the interesting heterogeneities

uncovered in the data.
6.4.1 Cross-validation to Compare Linear and Nonlinear /Interactive Models

A basic hurdle in high-dimensional modeling is establishing that a complex model fits the data

better than a simple linear model (De Marchi, Gelpi and Grynaviskil, [2004)). Estimating predictive

accuracy through cross-validation serves as a standard metric for comparing models. Specifically,
the data is split into K subsets of approximately equal size. The model is fit to K — 1 of these
sets and then used to predict the held-out set. This is done in turn for each of the K sets and
the cross-validation estimate serves as an unbiased estimate of the predictive accuracy of a model.
Since the same data are never used to both fit and evaluate the model, cross-validation serves as a
potent check against over-fitting.

Following convention, we take K = 10 and compare MDE to least squares. We cross-validate
the estimated impact of the instrument on the treatment (i.e., the first stage) in two parts. First, we

include only the confounders, in order to assess each method’s ability to “control” for background

26



Matched Data ; Full Data
Confounders Instrument + , Confounders Instrument +

Only  Confounders ! Only  Confounders

First Stage OLS 877.17 882.55 1 858.15 859.71

First Stage MDE 884.91 886.56 , 859.57 860.85
 Reduced Form OLS 321.87 346.83 ' 56.74  68.85

Reduced Form MDE 348.80 367.49 1 82.22 115.93

Table 2: Results from Cross-Validation Exercise. The cross-validation results for our first stage
model using least squares (top) and MDE (bottom). We consider both the matched data (first two
columns) and full dataset (right two columns). A larger value indicates the model has a higher
predictive likelihood. MDE returns higher values in cross-validation in both the first stage and
cross-validation exercise, across settings. Importantly, MDE is dominating OLS in this dataset in
terms of the confounders-only model, suggesting that MDE better adjusts for confounders than
OLS, producing more reliable estimates.

covariates. We then cross-validate the model using the instrument and the confounders, in order to
assess whether each model is improved by adding the instrument.

Results for the cross-validation exercise are presented in Table 2l In order to use a common
scale across outcomes, we place all results on a log-likelihood scale, so larger values indicate a better
predictive fit. We consider both the matched data (first two columns) and full dataset (right two
columns). MDE returns higher values in cross-validation in both the first stage and cross-validation
exercise, across settings. Importantly, MDE is dominating OLS in this dataset in terms of the
confounders-only model, suggesting that MDE better adjusts for confounders than OLS, producing
more reliable estimates. Via a fair predictive criterion, our model allowing for heterogeneities

outperforms a linear model in this data.
6.4.2 Local Instantaneous Causal Effect (LICE)

Next, we look at heterogeneities in the Local Instantaneous Causal Effect (LICE). The LICE is
an observation-level ratio, so we first plot the first stage (denominator, z-axis) against the second
stage (numerator, y-axis). The LICE is the ratio of the y-coordinate to the z-coordinate.

The top row of Figure [5] contains the results; as above, we focus on Model 3 from Table [I]
using all the data and all the confounders. The top lefthand side contains the results for only
the treated observations that are estimated compliers, while the righthand side contains results for
untreated observations that are estimated compliers. Starting with the treated observations that

were estimated compliers (274 total), we see a negative effect over the samples, indicated by the
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data concentrating in the second and fourth quadrants. The observations in the fourth quadrant
(239/274) were those for which an increase in windspeed would have made placement of a turbine
more likely, and the turbine hurt the Liberals’ voteshare. The observations in the second quadrant
(10/274) are the converse—increasing windspeed would have decreased the probability of a turbine,
but the turbine helped the Liberals’ voteshare. Only five observations are in the third quadrant
and twenty in the first.

The top righthand figure can be analyzed similarly, with the second and fourth quadrants
observations where a turbine would have hurt the Liberals, and the first and third where a turbine
would have helped. The lowess curve presents a more nuanced story for control observations. Near
the y-axis, we see a story similar to the treated observations, with the lowess curve running from top
left to bottom right. Above a first-stage effect of about 0.7, we see a sharp decrease. Had a turbine
been placed with any of the observations with a first-stage effect above 1, the Liberals would have
been particularly hurt. We also see more pronounced heterogeneities where the first-stage effect is
about 0.5. Here, the effect on Liberals is on-average negative, but there were precincts that did not
get a turbine which could have proven much better (top right quadrant) or much worse (lower right
quadrant) than where they were actually placed (the lefthand figure). It appears that the turbines
were placed in such a way that ultimately hurt the Liberals, but there was opportunity for them to
have been placed in a manner that would have either hurt or helped their electoral prospects quite
a bit more.

The bottom row of Figure [5| plots the LICE (on the y-axis) against the instrument (x-axis). As
expected from examination of the plots in the top row, most observations show a negative LICE.
In looking at the treated observations (bottom-left) we see a small non-linearity between the values
of 5.75 and 6, where the LICE approaches 0. When examining the control observations there is a

slight decreasing trend in the LICE over values of the instrument.
6.4.3 Recovered variables/functional forms

We uncovered heterogeneities in both our first and second stage estimates. Just as in a regression,
MDE allows for interpretation in terms of coefficients and nonlinear bases that we are able to map
back to variables of interest. Due to space considerations we present the coefficient table for the
first and second stage effects in Appendix [K] but we present heterogeneities graphically in Figure

[6l The lefthand plot contains windspeed on the z-axis against population density on the y-axis.
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Figure 5: First stage versus second stage ratio and LICE estimates. Top row plots the components
of individual level ratio making up the LICE using only the estimated compliers. The treated
observations are on the left and control observations are on right. The bottom row plots the LICE
against values of the instrument, again using only the compliers and treated observations on the
left and control observations on the right.

Darker points have a higher predicted probability of receiving a windmill; lighter points have a
lower probability. Comporting with common sense, we find an interaction between windspeed and
density: precincts with high windspeeds and low population density are more likely to have received
a turbine, while precincts with low windspeeds and high population density were less likely to have
received a turbine.

The righthand plot illustrates a second stage interaction, plotting education on the z-axis and the
LICE attributable to education on the y-axis. The result shows an interaction between university
degree and the treatment, suggesting that Liberals were hurt by the turbine more in higher-educated
precincts. Given the necessary planning and involvement in setting up a local opposition group,

this heterogeneity seems plausiblem Of course, not all recovered coefficients have a straightforward

2"We ran TSLS on the matched dataset, following the original study, and used the original models specification

but included a turbine x education interaction. This interaction term is substantively and statistically suggestive
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Figure 6: Uncovered Heterogeneities at the First and Second Stage. The lefthand plot contains
windspeed on the z-axis against population density on the y-axis. Darker points have a higher
predicted probability of receiving a windmill; lighter points have a lower probability. We find
that precincts with high windspeeds and low population density are more likely to have received a
turbine, while precincts with low windspeeds and high population density were less likely to have
received a turbine. The righthand plot illustrates a second stage interaction, plotting education on
the z-axis and the LICE attributable to education on the y-axis. The result shows an interaction
between university degree and the treatment, suggesting that Liberals were hurt by the turbine
more in higher-educated precincts. Given the necessary planning and involvement in setting up a
local opposition group, this heterogeneity seems plausible.

interpretation, such as nonlinear interactions between latitude and longitude, but selected bases

can be presented and assessed graphically.

7 Conclusion

Scholars face many challenges in producing credible causal estimates. One challenge is correctly
modeling how a treatment variable impacts an outcome. Is the effect non-linear, dependent on the
values of other variables, or a combination of these two things? Traditional regression models grow
increasingly unhelpful given these challenges, especially as the number of variables and potential
non-linear relationships increase. We introduce a high-dimensional, flexible regression model that
directly targets observation-level causal effect estimates by considering an extremely rich covariate
and functional form space. This enables us to estimate observation level counterfactuals, which then

helps us make observation level causal effect estimates. We further show how our estimation strategy

(est. = —0.259,p = 0.034). See Appendix for details.
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extends beyond the estimation of simple treatment effects and can also be used in instrumental
variable regressions. Simulation evidence, presented in the online appendix, shows that the proposed
method performs very well against other cutting-edge methods.

We see this work as providing an integrative thread across a number of literatures. Our approach
starts with Rubin’s observation that causal inference is a missing data problem: were the counter-
factual outcomes known, causal inference would amount to simple descriptive statistics ,
. We work towards this goal head-on by directly estimating observation level counterfactuals,
avoiding workarounds like inverse weights and propensity scores, which are rarely of direct interest

and rely on a reasonable treatment model. Rather than develop methods that are reasonable even

in the face of model misspecification (e.g. [Robins and Rotnitzky} [2001)), we focus our attention

on getting the outcome model correct. A high-quality outcome model can generate high-quality
counterfactual estimates, allowing for causal inference across a range of scenarios.
Perhaps less familiar to political scientists are some of the machine learning tools we draw on.

Given our focus on capturing potential non-linear effects we build off seminal work on multivariate

spline models (Stone et alf [1997 [Friedman| [1991]) but expand the range of basis functions utilized

and combine it with recent machine learning tools (Fan and Lv| [2008]) in order to focus on the goal

of getting the conditional mean correct@
The utility of our approach becomes more clear in the case of the instrumental variable anal-

ysis, where we integrate the nonparametric structural equation model (SEM) approach and the

potential outcome approach of [Angrist, Imbens and Rubin| (1996)). In other work we show how

to extend MDE to other structural models beyond instrumental variables, including estimands
from the causal mechanism literature (e.g., mediation, controlled direct effects) which enables the
inclusion of variables that are causally post—treatment@

Of course the Method of Direct Estimation does not solve many important issues that con-
front applied researchers. Reliable causal estimation requires observing all relevant covariates and
incorporating them correctly into a model. MDE helps with the second problem, but there is no so-
lution to the first other than actually collecting all theoretically relevant variables. Second, naively

entering post-treatment “control” variables or certian types of pre-treatment variables (Acharya,|

[ 280f note, as shown in Section |Hl our expanded basis function and screening approach also enabled the LASSO|

to beat a number of cutting edge machine learning methods.
“For recent work in political science on these topics, see IImai et al.l (I2011I); |Acharya, Blackwell and Senl (I2016|>.

[ ol |




[Blackwell and Sen| 2016} [Morgan and Winship| [2014)) will be just as wrong under standard estima-

tion strategies as ours. Finally, while our software includes up to three-way random effects, that is
by no means a solution to panel or multilevel modeling. We expect extending to these models will
require additional computational and theoretical work.

Our hope is that this paper casts a fresh light on how to think in general about causal inference
in political science and other social sciences. We provide pedagogical introductions to advanced
strategies for modelling non-linear relationships and treatment effect heterogeneity. We also start
to build some intuitions around how scholars should evaluate these new statistical methods from a
theoretical perspective. We expect a proliferation of new tools coming from literatures like machine
learning, generating a need to develop theoretical and empirical tools that can help choose among

them. We feel that MDE should enter the standard toolkit of applied researchers.
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Online Appendix

We provide an extensive online appendix to provide additional details on our estimands, estima-
tion strategy, theoretical results for the Method of Direct Estimation as well as a set of performance
simulations. Some of the topics may be less than familiar to specialists in political scientists. Though
we offer a more complete technical literature review in Appendix [J| we first note the seminal pieces

in applied statistics that guide the analytics underlying this work. For background, especially in

regards to technical details, we refer the reader to [Park and Casellal (2008]) for seminal work on

the Bayesian LASSO, on which we draw; [Buhlmann and van de Geer| (2013]) for an excellent com-

pilation and overview of proof strategies for high-dimensional modeling; and [Stone et al| (1997)

for a direct precursor of our method using stepwise variable selection instead of sparse modeling.

Our work integrates insights from these works with recent work in political science (Ratkovic and|

[Tingley} [2017)), which provides the backbone of the current estimation strategy. The remaining

topics, including causal inference from a structural perspective, instrumental variable estimation,
and Bayesian modeling are discussed at a level appropriate to specialists in political science.

This appendix proceed as follows. Section [A] motivates our choice of tensor spline basis through
our ignorability assumption. Section [B] shows how our approach easily accommodates the binary
and categorial treatment cases. Section [C] discusses the instrumental variables case in greater tech-
nical detail. Next we move to the estimation strategy. Our estimation strategy involves three
steps: the construction of bases and interactions, a Sure Independence Screen, the application of
a sparse Bayesian LASSO model. Appendix [D| discusses the maintained assumptions for using the
Sure Independence Screen, Appendix [E] gives details on the construction of the bases. Appendix [F]
details the properties of the Predictive LASSOPlus estimator. Appendix [G] presents our set of

theoretical results for the Method of Direct Estimation. Following existing practices in evaluating

high-dimensional non-parametric models (see [Buhlmann and van de Geer| (2013)) for an introduc-

tion), we present a set of Oracle results that give us theoretical guarantees that MDE can recover
fitted values and treatment effects. To help readers we present analytical results for a parametric
model and then our high-dimensional non-parametric model. We also provide additional details on
our ability to recover compliance status in instrumental variables estimation. Next we transition

into a set of performance simulations. We consider both the estimation of treatment effects in



Appendix [H where we pit our approach against a set of leading alternatives. Appendix [J| contains a
more comprehensive literature review in statistics and machine learning. In Appendix [ we evaluate
performance in the instrumental variables setting, including our ability to recover correct individual

level compliance estimates.

A Local Linearity of Treatment Effect.

We first show that the ignorability assumption in an open region near the observed T; implies
that the outcome model is locally linear in the treatment, with the slope a function of X;. The
result drives our choice to choose locally linear basis functions for the treatment. We assume that
ignorability holds at two points, T; and 7T; 4+ 9, and then we will take d to zero.

We first state our ignorability assumption:
Y(T) LT, X, T; € {T; + 6, T3} (27)

This implies that the ICE lims_,q w = limgs_,o V1,(4;) is not a function of the treatment
level, as the two are independent given X;.

Therefore, we can write the ICE for any given observation as a function of only the covariates,
but not the treatment. Denote this function as ¢(X;), so

lim Vr,(6;) = ¢(X;) (28)

6—0

The ICE is just the partial derivative of the potential outcome with respect to the treatment
taken at the observed value. Given the ICE, we can then recover the potential outcome function by
reversing the derivative operation, i.e. taking an anti-derivative (i.e. an indefinite integral). Taking
an anti-derivative allows us to separate the component of the potential outcome that determines the

or(Ty)

ICE as separable into two functions, a function r(7;) defined so # is a constant at the observed

value T; and ¢(X;) as from above,
ST Xi) = r(T3)q(X). (29)

This is exactly the tensor product model we estimate in this project, an interaction between a

locally linear function of the treatment and a nonparametric function of Xj.



B Binary and Categorical Treatment Regimes.

Assume a categorical treatment taking values in T; € {0,1,2,..., Kr}. The effect of moving from

one value, say 17", to another, say T” for observations with profile X; is
E(YA(TY) = Yi(T7)1X:) = B(A(T), T;)| Xs) (30)

This notation condenses when we consider a binary treatment, which has been the central focus
of most work in the study of causal inference. Under the binary treatment, the causal effect under

a binary treatment can be written as
E(Yi(1) = Yi(0)|Xi) = Vr,(1 =2 x T) = E(A(1,0)|X;) (31)

Estimation is done as in the continuous case except we now consider differences instead of partial
derivatives.
The most common estimands with a binary treatment are the sample average treatment effect

(ATE) and sample average treatment effect on the treated (ATT),

1 n
ATEZEEVTi(l—ZxTZ-): (32)
1 n
ATT = — (1-2xT))x LT, =1
HT;(VTZ( x T;)) x H(T; = 1) (33)

where np = > " | 1(T; = 1). In our framework we estimate instantaneous causal effects for each
observation, which can be aggregated up to these common estimands. The estimated ATE is the
sample mean of these differences taken over the entire sample; the estimated ATT is the mean of
these differences taken over the observations in the treatment conditions. The ATT is estimated as
the mean expected difference in outcome between treatment and control for the observations that
were actually treated.

We at a minimum reduce the need for two-stage estimation procedures like matching or weighting

(e.g., [Ho et al} [2007) and provide several advantages. First, we can estimate treatment effect

heterogeneities which are not recovered with matching or weighting. Second, researchers commonly
report standard errors on the matched sample, ignoring variance attributable to the matching
stage. Since we are fitting a single model, we do not have this additional level of uncertainty in our

estimates.



C Instrumental Variables Derivations

To formalize, assume the treatment is not independent of the outcome given the covariates, Y;(T;) /L T;| X,
thereby biasing the estimate of the causal effect. We assume the existence of a pre-treatment in-
strument Z; that helps resolve the issuem To generate a consistent estimate, we assume the
satisfies an exclusion restriction. Equivalently, YZ»(E(Z), Z)J_LZHN},Xz The observed data is
Yi, Ty, Z;, X[T]T.

We show that the LICE can be written as the ratio of two covariances and, equivalently, that
a first-stage estimate of the treatment plugged into the second stage gives a consistent estimate of
the causal quantity of interest.

We target the instrumented treatment effect,

E (W'}( Z = Zi) (34)
—E (—dY ’Xl, 7 = Z) (35)
_E (83%2(2))) 52 ’X 7z - zi> (36)

where the second and fourth lines come from the exclusion restriction and the third by the chain

rule. We then use the continuous mapping theorem to give

aYi( . E@Y(Ty(2))/dZ|X;, Z = Z;)
E (—8T ‘XZ, Z = Z) plim E(OT( /8Z‘Xi, 7= 7) (37)

which is the Local Instantaneous Causal Effect (LICE). Like with TSLS, the plug-in estimate is a
biased but consistent estimate of the desired causal effect.

We note that our LICE reduces to the standard “two-stage” estimator, where fitted values of the
treatment from the first stage model are entered into a second stage model. To see this, consider
Equation [AT}

E(dY;(T; ( ))/dZ\ X, Z = Z;) 0

E(OT,(2) /02| X,, Z = Z) aﬁE(Yz(Tz)) |7 B(1 (2) X2, 2=21) (39)

30The instrument is a realization of Z ~ F }% and has observed value Z;, enters the potential outcome function

for the treatment as ﬁ = TZ(FZVI)
SWY(T)(2), Z) = Yi(Ti(2), Z) for all Z, Z' € supp (Z;)



where we assume we can freely exchange differentiation and expectation. The second term in this
equation is exactly what is calculated in a two-step estimation strategy, the impact of a first-stage
estimated value on the outcome.ﬂ We focus our exposition on the left-hand version of the LICE,
since it derives directly from observation level behavioral manipulations. In practice, we implement
the right-hand version of the LICE, since the estimated coefficients from the second stage model
have a natural causal interpretation.

The estimated LICE is a TSLS estimate, but one that varies with X;:

o VR (9)
lim V7, 7,(9) = lim V@) o)
_ E@Y(Ti(2))/d2|X:, Z = Z) (41)
E(0T,(2)/0Z|X:, Z = Z)
_ Cov(Y;, Zi| Xi) [ Var(Z,| Xi) (42)
Cov(Ti, Z;| X;) [Var(Z;| X;)
~ Cov(Y;, Zi| X5) (43)

- Cov(Ty, Zi| X3)’
where going from the second to the third line follows from the exclusion restriction and we assume
that the outcome and treatment functions are differentiable in the instrument. Hence we have a

ratio of individual level covariances rather than an average parameter as in TSLS.

D Sure Independence Screen Assumptions

For the formal conditions for validity of the marginal correlation screen, see see Conditions C and

1-4 in [Fan and Lv| (2008]). To the extent feasible, we have constructed nonparametric bases that

satisfy the requirements of the screening procedure. The B-spline basis we implement is bounded,
symmetric, and spherical, ensuring that the assumptions on the design are met (Condition C and
2). The number of considered bases is large, but below order exp(n) (Condition 1), and we reduce

multicollinearity in the design through constructing interaction terms that are uncorrelated with

their lower order components (see [Fan and Lv} [2008)) (Condition 4). The remaining assumptions

require separable Gaussian noise (Condition 2), which we assume in Equation 7 and a beta-min
condition (Condition 3) that is unverifiable absent knowing the true model. We note that selection
errors on mean parameters of order o(n”) for £ > 0 will have only a minimal impact on the estimated

treatment effect.

32We have verified in our estimation that both calculations return the same result. In practice, the two different

estimates correlate at above 0.9999 over the sample.



We implement a SIS rather than the grouped SIS strategies of (Fan, Ma and Dail [2014)), as we

are not willing to assume the group structure necessary to bring in entire sets of bases, and the

grouped SIS has not been extended to tensor product spaces.

E Constructing Bases

We next provide a formal characterization of our bases and their construction.

Denote {1,b(Xik, kk)}riek, @s an intercept term and a set of || mean-zero nonparametric
bases for variable X} evaluated for observation ¢ and each value in K, a triplet containing the knot
location, degree, and type of spline basis. Similarly, for the treatment, denote {1, br (7T}, k1) }wrercy
as an intercept and |KCr| bases evaluated for the treatment observed for observation i and Kr the

triplet as given above. We construct the mean vector as

Roo(ﬂa Xz) = {17 bT(E? K/T)}KTEK:T & {17 b(sza /{/k)}nkele ® {17 b<Xik’7 Hk’)}nk/ele/ (44>

where ® denotes the tensor product. Interactions terms are pre-processed through partialling
out their lower-order terms, i.e. instead of a two-way interaction, we include the residuals from
regressing the two-way interaction on an intercept and its two components. Doing so reduces the
multicollinearity of the design matrix.

That is, for {1, b(Xik, kk) brper, and {1, b7(T;, k1) e, to be approximately equal, so as not to
bias our marginal correlation screen in favor of one variable or another. Were we to include 10, 000
bases for one variable and 3 for the other, bases from the first would be more likely to survive our
screen.

In particular, the size of the maintained basis set should be at the nonparametric rate of N/®
(e.g. 15.10) but we also want a sizable set of bases with a small sample size. To this
end, at our default and throughout the paper, we model each confounder using k centered B-spline
bases of degree k with knots at every 100/(1 + k)™ percentile of the covariate for k € {3,5,7,9},
generating 24 = 3+ 5+ 7+ 9 bases for each covariate. For the treatment, we implement a degree
2 truncated-power basis spline with knots every 100 x éth percentile for 6 bases and then degree 2
B-splines with knots at every 100 x Hthh percentile k € {3,4,5,6} for 18 =3 +4 4+ 5 + 6, giving
24 = 18 + 6 total bases for the treatment variable. We maintain 100 x (1 + n'/®) bases after our

screening procedure.



F Predictive LASSOplus Properties

Here we describe our extension of the the LASSOPlus model of [Ratkovic and Tingley| (2017),

Predictive LASSOplus. This work also contains additional details on derivations for our bounds
and a discussion of particular properties of the LASSOplus estimator, both of which we describe
below.

We start with the data generating process. We assume the likelihood component is a normal
regression model. The prior structure has three properties. First, it ensures that estimates satisfy
an oracle bound on the prediction error. Second, a set of inverse weights on the mean parameters
regularize large effects less aggressively than small effects. Third, a global sparsity parameter
produces a non-separable prior, allowing for the estimates to adapt to the overall level of shrinkage
in the model.

The hierarchy is given as

Yi|R(Ti, Xi), ¢, iy, 0% ~ N (uy + R(T;, X;) "¢, 0?) (45)
k| N, wg, 0 ~ DE (Awy, /o) (46)

NJn,p,p ~ T (n x (log(n) + 2log(p)) — p, p) (47)

wi |y ~ generalizedGamma(1,1,7) (48)

v ~ exp(1) (49)

py o 1 (50)

where DF(a) denotes the double exponential density, I'(a, b) denotes the Gamma distribution with
shape a and rate b, and generalizedGamma(a, b, ¢) the generalized Gamma density f(z;a,d,p) =
F%‘;dp)xdfl exp{—(z/a)’}. We have two remaining prior parameters. We take a Jeffrey’s prior

Pr(0?) o< 1/0? on the error variance and we set p = 1 in the generalized Gamma density. We fit the

model using an EM algorithm and use hats to denote the fitted values, i.e. ¢ is the EM estimate
for c.

The intercept is estimated such that the mean of the fitted values equals for Y; is the mean of
the observed values, i.e. such that Y,; = ?Z This is exactly how the intercept is constructed in a
standard least squares regression.

We summarize several properties of our sparse Bayesian model. First, the prior on 22 is scaled

in n, p such that the estimate \ achieves the oracle growth rate of y/nlog(p) ex post when p is of
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order n“, a > 0, as in the nonparametric setting here. Please note that p is now the number of bases
in our regression, not the number of elements in X;. Second, the rate at which the oracle bound
holds is controlled by 1 — exp{—\/M}, which approaches 1 in the limit. The prior is proper
whenever n x (log(n) + 2log(p)) —p > 0. For example, with n € {100; 1,000; 10,000}, this requires
p < 1,978;27,339; 347,529 respectively, which is slower than the LASSO rate of n ~ log(p), but
clearly allows for p > n. This slower growth rate does suggest the utility of the an initial screen for
covariates. Last, even with an improper prior, the posterior will be proper, so estimation can still
proceed.

The prior weights wy, are constructed so that the MAP estimate is similar to the adaptive LASSO

of [Zou| (2006)). Each mean parameter, ¢;, will have its own adaptive penalty %.The estimated

weights W, are inversely related to the magnitude of the parameter estimates ¢;. The adaptive
penalty term is of order \/log(n)/n when ¢, — 0, which is not asymptotically negligible. On
the other hand, the adaptive penalty is of order 1/n when ¢, + 0, and hence is asymptotically
negligible. For proofs, see below.

Third, the parameter 7 adapts to the global sparsity level of the data. If we take v — 0, then
the prior approaches a degenerate ‘spike-and-slab’ prior uniform over the real number line but an

infinite point mass at 0. In this scenario, we are not shrinking any effects except for those exactly

zero. At the other extreme, 7 — oo, the prior approaches a Bayesian LASSO of [Park and Casellal

(2008]), regularizing every term. For proof, see below. The global tuning parameter, 7, is estimated

from the data and adjudicates between these two extremes; the utility of nonseparable priors over

the tuning parameters have also been discussed by [Bhattacharya et al. (2015)); [Rockova and George
(Forthcoming]), though we note that these priors were not tuned to achieve the oracle property (or

similar concentration property) ez post.

The key difference between the LASSOPlus and Predictive LASSOPIus is the adjustment of the
prior on A\? from the original work. In this earlier work, the prior was constructed off considerations
of correct variable selection in the limit, basically zeroing out irrelevant effects and estimating the
non-zero effects. In this work, we are concerned primarily with prediction, which is a conceptually
different task than variable selection. To give an intuition of the difference, in prediction, we are
willing to tolerate irrelevant variables that correlate with relevant ones, so long as their inclusion

increases predictive accuracy, whereas with variable selection this would be considered an error.



Estimation Both the MCMC and EM estimation details are standard and follow that of the
original LASSOplus model.

Properties of the tuning parameter. The Oracle rate is achieved when \/n grows as /log(p)/n,
i.e. when \ grows as y/nlog(p). Our conditional posterior density of A\? is

N~ T (n x (log(n) + 2log(p)) ,275/2 + p) (51)

which possesses several desirable properties. First, each mean parameter ¢y, is given its own shrinkage

parameter, %, allowing for differential regularization of large and small effects. Second, for p ~

n®, a > 0, then X=0 ( nlog(p)), as desired. Second, the tuning parameter has the structure

given in [Buhlmann and van de Geer| (2013} Corollary 6.2) so that it provides a consistent estimate

of the conditional mean. The term log(n) controls the probability with which the Oracle bound

holds, and it goes to zero in n.

Properties of the adaptive weights. Consider the two limiting cases |¢x| = 0 and |¢}| — oc.
Consider first |[¢x| — oo. In this case, the exponent in the conditional kernel of wy, is dominated by
the term —2%¢|c;| and approaches an exponential density with mean @y, — 7/ X. Therefore, as ||
grows, the weighted LASSO penalty approaches 1/n, a negligible term.

When |¢x| = 0, the conditional posterior density follows a generalized Gamma density with
kernel exp{—w] } and has mean I'(2/7)/I'(1/7) which we denote 7 Therefore, for the zeroed out
parameters, the weighted LASSO penalty for |cx| approaches Xﬁ/n Since \ = O(y/nlog(n)), the

penalty is of order log(n)/y/n, which is not negligible.

The global sparsity parameter. The global sparsity parameter v serves to pool information

across the mean parameters (see e.g. [Bhattacharya et al. [2015] for a similar insight). To illustrate

its workings, we consider the two limiting cases, v € {0, 00}.
First, as v approaches 0, our prior approaches the spike-and-slab prior for a mean parame-

ter, resulting in no shrinkage but with a point mass at zero. Taking v — 0 = Pr(wg|-) —
~N-1/2

%) /(Alck|). Plugging into the prior on ¢ gives Pr(cg) —

g

Exp(A|ck|/o). This gives us wy, = (
~ ~\1/2 e —1/2 ~\1/2

DE (Aﬂ?k (%) ) — DE <)\ (%) /(A|ek]) <$> ) o 1, the flat Jeffreys prior when ¢ # 0.

When ¢, = 0, the prior has infinite density, to due the normalizing constant of order 1/|c|, giving

a spike-and-slab prior with support over the real line.

33 T(-) refers to the gamma function (not density)



Taking v — oo = Pr(wg|-) — U(0,1), a uniform on [0, 1], since any weight greater than 1

has mass proportional to exp{w~7} = 0. This gives us w; = 1/2. Plugging into the prior on ¢

~

~ 1/2
gives Pr(¢;) — DE <%)\ (l) >, which is the [Park and Casellal (2008) prior with 1/2 the rate

o2

parameter.

F.1 Estimating the Derivative

While numerical differentiation with precision floating point arithmetic often uses values for § orders
of magnitude lower, we are differentiating an estimated model in a direction that is by construction

locally linear in 7;. We have found any value of § below /Var(7;)/1000 works well.

G Oracle Results

Our Oracle results are rather technical. To help appendix readers follow their construction we
first derive the results with a parametric model and then rederive them for the high-dimensional
nonparametric model. Then we connect these results to our strategy for estimating compliers in an

instrumental variables setting.

G.1 Results with a Parametric Model

Consider the linear model
Y, =Tier + Xicx + ¢ (52)

with a treatment of interest T; and single covariate X;. We also assume the covariate and treatment
N N N N N
are scaled such that ;" Y, =30 T, =50 X;=0and 5 >, T2 = 5 2 X2 =1 .
Our first theoretical result is an “Oracle Inequality,” which is a bound on how close the fitted
values Tjer + X;cx are to the true values, Tjer + X;cx. Relying on the central limit theorem for

¢r, cx and some algebra gives the result with the parametric model:

LS (T — o)+ Xox — o)} < )22 53)
N 4 N

The basic structure of this bound extends to our high-dimensional, nonparametric result in four

regards. First, the number 2 corresponds both with the number of variables (7}, X;) and the number

34 We assume the errors are mean-zero, equivariant, subgaussian, possess a finite fourth moment, and are uncor-

related.
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of parameters in the data-generating process. We will differentiate these two in the nonparamet-
ric setting, between the number of variables we are considering (p) and the number of non-zero
parameters in the data generating process (S), both of which can grow in the sample size in the
nonparametric model. Second, the bound is scaled by the residual error . Third, a function of N
shows the rate at which this bound goes to zero. This difference goes to zero at the parametric rate
vV/N. When we shift to a nonparametric model, we will get more functional form flexibility, but
at the cost of moving from a rate of 1/v/N to \/W Lastly, the parameter C' is a scalar
selected such that the bound holds with some probability.

Our second bound is on the treatment effect. The treatment effect admits a simple form in the
simple linear model,

Ti+06 Xiex — (T; X
lim Vg, (§) = tim (Lt O)er & Xiex = (Tier & Xiex) (54)
§—0 v §—0 1)

We can again use standard results to appeal to the central limit theorem and establish
o
~

Here C(T, X) is a constant that is a function of the correlation between the treatment and covariate

(@r —er)’? < C(T, X) (55)

(i.e. is only a function of the design, but not the outcome). The greater Corr(7;, X;), the greater
that collinearity inflates the variance of ¢z around c7, increasing the width of the bound.

Lastly, we generate a threshold only on the treatment effect,

VN

under the assumption ¢z = 0. In this way, observations that fall outside the threshold under a

ST @)y < o, X) (56)

model with ¢z = 0 are unlikely to be there due to chance, i.e. there appears to be a treatment effect
for these observations. We implement a feasible estimate of C'(T', X) to separate observationsm
G.2 High-dimensional nonparametric model results

We next present our formal results for the high-dimensional nonparametric case. We assume through

this section that the outcome and bases have been scaled as in the discussion of the parametric

35For illustration, with N = 100, the error is of order 1/(100)1/2 = 0.1. Achieving the same error in a nonparametric

model would take N = 648, as /log(648)/648 = 0.1.

36When we use the threshold in the instance of first stage IV, the “treatment” becomes the instrument (Z;) and

the “outcome” the endogenous variable (T;). This forms the basis of our approach to estimating compliers.
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case.

An Oracle Inequality Denote as R(7, X.) the n x p matrix of bases and § =7 — c. Since our

tuning parameter grows at the oracle rate y/nlog(p), we can bound the excess risk as

1 B N
- {IIR(T.,X.)5II§ + All Zwkéklﬁ} <

k=1
\25272| g |R2, ), (10, X.)Cooynl |3 R(T, X)L ||3
0272\ ] N / /nll2 +C’LH 2 Jeills
n*gg n "

(57)
C

with a probability at least exp{—\/m }. The bound splits into three components, a bound off
the post-screened basis R(T', X.), a bound attributable to bases that did not survive the screen
but would as n grows, R? /n(T.,X.), and a bound attributable to the portion of the model that
falls outside the span of the basis used in the screen, RS (T, X.). In the first component, ¢, is the
smallest eigenvalue of the Gram matrix of the submatrix of R(7;, Xi)/T/I?_l/ 2. 1S is the number of
non-zero elements of ¢ and we use C' to denote an unknown constant that does not grow in n, p, S.
The next two components are attributable to differences between R°(T, X.) and R(T, X.). The
second term is the same order of the first-both are of order O(log(n)/n); see Appendix and

[Fan and Lv| (2008)) for proofs. The third term is irreducible and of order O(1), corresponding with

inescapable misspecification error. We minimize our concerns over the third term through selecting

a rich set of basis functions.

An Oracle Inequality on V7, (9) We are interested in not only bounding the prediction risk, as
above, but also the error on the Vr,(§). To do so, we decompose our bases into two components,
one submatrix such that no element covaries with the treatment and one submatrix where for each

basis at least one element covaries with the treatment:

R(T, X)) =[R*(X): R"™X(T, X)]. (58)
Denote Y; = [R¥(X;) : RT™ (T}, X;)]"¢, and ¢ and ¢ the subvectors of ¢ associated with

RX(X;) and R™(T;, X;). We denote as AR(T, X.) = [AR;;] = [0R;;/0T;] the elementwise par-
tial derivative of R(T, X.) with respect to the treatment and note %Ti@) = AR(T;, X;)Te!™X =
ARFX(T;, X;)Te™ | which is B: in the formulation of equations . Denote as @7 the subvector
of ¢1¥ selected in the outcome model.

Our second bound is on the mean parameter estimates 5TX The result follows from noting

that, since the non-zero elements of the first derivative of our tensor spline bases are elements of
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R¥*(X;), then first derivative is also satisfying a LASSO problem:

31X = argmin ‘ ’KEJ/ — ARg’TXcg’TX| E + HW§’TXC§’TXH (59)
8. TX

where AY is a pseudo-response generated from the fitted derivative and estimated residuals from

the outcome model, €;, as

AY; = AR(T,, X;) ¢+ &. (60)

The weight matrix W57 is diagonal with entries W7~ = | SN RN X)) 5

. For intuition,
note that d¢; /T is the causal effect of the treatment on the prediction error, R;(T;, X;)(c—¢). The
less correlated the basis RE’TX(TZ», X;) with the impact of a treatment perturbation on prediction
error, the less that basis’s coefficient is penalized in predicting the treatment effect. The more
correlated the basis with the sensitivity of prediction error on perturbing the treatment, the more
penalized the coefficient on that basis.

Denote AY a pseudo-response generated from the fitted derivative and estimated residuals from

the outcome model, €;, as
AY; = AR(T;, X;) ¢+ 6. (61)

This setup allows us to give our second theoretical result, the bound

1 =R . =R N ~ ~
- {HARS,TX(T.’X.)(/CSS,TX - CS,TX)Hg 4 ||WS,TX(/C\]§,TX B CgTX>|H} <

7Sl NAR s Xidewplls AR (T, Xo)eu |1
N2¢% > n + n

(62)
Ca

where all the constants in the inequality are analogous to those in Inequality but defined in
terms of the design matrix that parameterize the derivative.ﬂ

This oracle bound gives us a bound not on the predicted values but on the predicted first
derivative. Bounds of this type have been used for primarily descriptive purposes, to establish rates
of convergence of different estimates. We use the bound constructively, to help us differentiate
values for which the local treatment effect is zero from those where it is not. The bound helps us
in the instrumental variable setting to estimate off which observations we are identifying an effect.

We introduce a feasible estimate below in the context of an instrumental variables analysis.

37We make the same assumptions on the model in Equation [61| as we do on the outcome model.
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G.3 Threshold for Estimating Compliers

The LICE only exists for observations for which the encouragement is non-zero. To estimate these
observations, we implement a feasible estimate of the Oracle bound, as given in Inequality [62]
to allow us to differentiate observations with some systematic perturbation from encouragement
estimates that are likely noise. Since the Oracle bound does not vary across the sample, we im-
plement an adaptive bound that narrows where we estimate signal and expands in a noisy region,
constructed from a pointwise estimated degree of freedom.

showed in the normal regression model Y; ~ N (11;(Y;), 0?) for generic conditional
mean function z;(Y) : Y — Y;, a degree of freedom estimate can be recovered as
_ Oui(Yi) _ Cov(Yi, pi(Yi))

oY; o2

and the model degree of freedom can be estimated as c@“ = Zf\il OZfz This definition coincides with

(63)

df;

the trace of the projection matrix when fi;(Y;) is linear in ;.
Decomposing into parts of the design that covary with 7; and those that do not, we can decom-

pose the degrees of freedom into
O[R*(X;) : RT™X(T;, X;)] "¢

df. — 64
7, - (64
a RX Xz TX a RTX T’z Xz TTX
RN QIR (T, X)) e .
Y, Y,
We then take the degree of freedom estimate associated with ﬁTi (9) as
~V a[RTX (ﬂ Xi)]T’C\TX
df, = ’ . 66
) 5 (66)
This estimate will be larger the more signal there is at each observation.
The adaptive component of our threshold is of the form
~ 1
L (67)
L/n+ df;

which takes on a value of 1 when there is no signal for observation 4, (cﬁlv = 0). If the true model
is additive and linear in the treatment, we would see szzv = 1/n, which gives df*" = 1/2. As the
model grows more complex at a given point, the threshold will shrink.

We combine the degree of freedom bound and oracle estimate in our threshold as

Y (e =
noo
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with ||Wg||eo the largest weight. C' is a user-selected constant, but we show in our simulation that
taking C' = 2 helps select observations impacted by the instrument. Lastly, the compatibility
constant is the smallest eigenvalue of the covariance of the true model predicting the gradient.
We estimate it using columns of the submatrix of the design that contains interactions with the
treatment. We find this matrix may be ill-conditioned or even rank-deficient, so we estimate the
smallest eigenvalue such that the eigenvalues above it explain 90% of the variance in the selected
model.

The geometry of this threshold incorporates a “complexity penalty” in the selection process. If
the estimated model for the treatment effect is simple, the design will be low-dimension with a flat
spectrum, say a linear model. As the model grows more complex, the design will incorporate more
nonparametric bases and its smallest eigenvalues will be closer to zero, inflating the threshold. The

, serves to adjust for local variation.

adaptive component, df%""

G.4 Proofs of Oracle Inequalities

We condition on W = diag(wy) throughout the proof and note that W= I,, reduces the proof to
that of the standard LASSO. Throughout, to ease notation, we write R = R(T;, Z;), etc. dropping
dependence on T;, Z; when it is clear from context. We also assume that Y and Rj have sample

mean zero, so we do not have to worry about an intercept.

Start with the LASSO problem
¢ = argmin||Y — Rc||5 + A||Well;. (69)
As we are minimizing over the sample, we know the estimator ¢ satisfies

1Y = Rell5 + AIWelly < [IY = Rel[; + AWl (70)

After some manipulation (e.g., |Buhlmann and van de GeerL |2013|) and evaluating at /)\\,/W, this

excess risk generates the inequality

2P|, o MRl | IRSeE o

SH2 L NI AL
<
{IR3IE + Mo} < 0= - .

1
n
which is Equation

First order conditions on the LASSO and the derivative. The first-order conditions for

the LASSO problem above are

2R E = sp My (72)
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with s, € [—=1,1] and s, = 1 or —1 iff ¢, # 0. We consider the subset of the matrix corresponding

with these non-zero estimates
RS = {Ry : &, # 0} (73)

and the submatrices RSX and RSXT.

Consider the gradient derivative of equality [72] wrt the treatment at each observation and noting,

by the identification assumptions (1)-(4), 8‘; Splp\ = 0, which gives
Nog N
0= 57> (Rzke ) (74)
i=1 P =1
N
0= o7 Rié (75)
i=1 v
N g .
OR: . g O€;
— Z T + RZ’“@Tl (76)

This gives us

N g n
OR: . g O€;
‘; ke = zszkaT‘ (77)
which is a solution to the following LASSO problem
23T = argmin [|AY — AR§’TC§’T||§ + ]|W§TC§T\H (78)

ST

which will satisfy an Oracle Inequality if W5 is of order /nlog(p). We have denoted as ARST
the elementwise partial derivative of RYT wrt T; and AY is a pseudo-response constructed from

the estimate AY = [ﬁ] as
AY = ARSTEST 1 g (79)
The model is fit using basis-specific tuning parameter,

NS T zk aT (80)

= Rf’TARTX(cT —ah (81)

since O¢; /0T; = 0.
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Then,
RETART (T —2")| < ||RET |l IARTX (7 — ) (82)

by Cauchy-Schwarz. The first term on the righthand side is order \/n and the second is of order of
the square root of the oracle bound on the prediction since each element of ARTX is also in R,

which gives a bound on the weights of order /nlog(p), from which the oracle result follows directly.

H Treatment Effect Simulations

We next present simulation evidence illustrating the MDE’s utility in estimating treatment effect.
We include four sets of simulations presented in increasing complexity, a linear model, a low-
dimensional interactive model, a nonlinear model, and a model with interactions and discontinuous

breaks, respectively:

8
Linear: Y; =T, + Z Xt + € (83)
k=5
8
Interactive: }/; = ﬂ — 7—; X Xi3 -+ ZXlek -+ XilXiZ + € (84)
k=5
. . 1\ T; 1
Nonlinear: Y; = 20sin | | X1 — 5) %0 + g X (14 | X3 x X)) x (1+T)+
8 (85)
Z Xinbr + €
k=5

8
Discontinuous Y; = (1 + |T;|) x 1(|T;| > 1/2) x (Xis+1) + ZXika + X Xio + € (86)
k=5

where the the error is independent, identical Gaussian such that the true R? in the outcome model is
0.5. All covariates are from a multivariate normal with variance one and covariance of 0.5 between
all pairs and the elements of § are drawn as independent standard normal. The treatment is

generated as
Ti=-3+(Xan+Xu)’+e; € N (0,4) (87)

We consider n € {100, 250, 500, 1000, 2000} and p € {10,25,50,100}. In each case, the true data is
generated from the treatment and the first 8 covariates, but the dimensionality of the underlying
model may be much higher. For example, the smooth curve in simulation 4 is infinite dimensional

(a sine curve).
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We assess methods across two dimensions, each commensurate with our two estimation con-
tributions: the nonparametric tensor basis for causal estimation and the sparse Bayesian method.
We want to assess, first, how well sparse regression methods perform given the same covariate ba-

sis. We include in this assessment the cross-validated LASSO, as a baseline, as well as two sparse

Bayesian priors: the horseshoe and Bayesian Bridge (Carvalho, Polson and Scott] 2010} [Polson.|
[Scott and Windle] 2014), as well as LASSOplus, described above[®| Each of these methods are

handed the same nonparametric basis created in our pre-processing step. To date, the use of these
methods have not taken advantage of our nonparametrics basis construction and screening steps.
We compare these methods to regression-methods that generate their own bases internally, ker-
nel regularized least squares (KRLS, [Hainmueller and Hazlett] 013), POLYMARS (Stone et al]
[1997)), and Sparse Additive Models (SAM, [Ravikumar et al] R009). These methods are simply

given the treatment and covariates, not our nonparametric basis. The last comparison set are non-

regression methods, bayesian additive regression trees (BART, (Chipman, George and McCulloch
2010])), gradient boosted trees (GBM, [Ridgeway] [1999)), and the SuperLearner ([Polley and van der]
[Laan] [N.d). For the SuperLearner we include as constituent methods random forests, the LASSO,

POLYMARS, and a generalized linear model. All simulations were run 500 times.

H.1 Results

We report results on each methods’ ability to recover the conditional mean p; = E(Y;| X, T;) and
partial derivative du;/JT;. To summarize the performance, we calculate three statistics measuring
error and bias. The statistics are constructed such that they are 0 when p; = p; and Ou;/0T; =
5/%/87} and take a value of 1 when fi; = 23" | ¥; =Y.

38We included the OLS post-LASSO estimator of [Belloni and Chernozhukov| (2013 implemented in R package

hdm. We found the method performed practically identically to cross-validated LASSO, when applied to our bases.
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Figure 7: A Comparison of RMSE for Fitted Values.
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results greater than 1.5 for the RMSE results and .2 for the bias results.
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In the figures, a value of 1 can be interpreted as performing worse than the sample mean, in
either a mean-square or bias sense, and values closer to 0 as being closer to the truth. A value
above 1 when estimating the derivative means the method did worse than simply estimating 0 for

each value, the first derivative of the null model 7i; = Y;. For presentational clarity we remove any

Figure[7]reports the RMSE for the fitted values, by method. We can see that MDE, the proposed
method, performs well in each situation. The first column contains results from the simple additive

linear model, where MDE, POLYMARS, and the SuperLearner are all competitive. We suspect



First Derivative, All
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Figure 8: A Comparison of RMSE for Unit Level Derivatives Across Methods.

SuperLearner is competitive here because the true model is in the model space for OLS, one of
the components included in the SuperLearner. MDE, POLYMARS and LASSO are nearly tied for
the best performance in the interactive and non-linear settingsm Finally while MDE is in a top
performing set for the discontinuous case, POLYMARS had a slight advantage.

Figure [§ presents results on each methods’ error in estimating the derivative. In the linear
model, we are consistently dominated by POLYMARS and beat SuperLearners as p grows. In
the interactive and non-linear settings, MDE is again aligned with the LASSO and POLYMARS,
while POLYMARS performs worse than the null model in the non-linear setting, with the horseshoe
competitive. POLYMARS performs the best in the discontinuous case but MDE was not far behind.
We find that, across settings, LASSOplus is the only method that generally performs first or second
best in RMSE, though POLYMARS, particularly in the discontinous case, and cross-validated
LASSO are reasonable alternatives.

This highlights how estimating fitted values well need not result in recovering the treatment
effect well. Most of the systematic variance in our simulations is attributable to the background

covariates, and a method could perform well simply by getting these effects correct but missing

39LASSO methods with a linear specification in the covariates, i.e. not using our nonparametric bases, performed

poorly so were not included.
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the impact of the treatment. For example, BART and Sparse Additive Models perform relatively
well in estimating fitted values in the interactive, and nonlinear but not much better than the null
model in estimating the partial derivative.

We perform well in our simulations, and we share the concern that this performance is the
result of favorable decisions we made in the simulation design. To help alleviate these concerns,
we use ordinary least squares to decompose the first derivative into two different components, one
that correlates with the treatment and one that does not. Examining the two separate components
helps identify the extent to which each methods captures the low-dimensional linear trend in the
first dimension and the extent to which they capture the residual nonlinear trend. In our first
simulation, there is no nonlinear trend in the fitted values, and the first derivative is flat, so any
curvature found in the fitted values will show as error in the second component of the RMSE.

Results from this decomposition can be found in Figure [9] and Figure . Figure [ presents
results for the low-dimensional linear trend while Figure [10| presents results for residual non-linear
trend terms. We find that the proposed method performs well for both sets of effects. Interestingly
in Figure [10] we see that POLYMARS does more poorly in the non-linear setting but better in the

discontinuous setting.@

I Instrumental Variables Simulations

I.1 Simulations

We next present a short set of simulation results to examine the performance of our method applied
to the case of an encouragement design (instrumental variable). For simplicity we compare our
proposed method to two-stage least squares estimation.@ We examine first stage and second stage
performance, as well as how well the proposed method helps to unpack individual level compliance

estimates.

40Beyond individual effects, sample average effects though, may be of interest to the researcher or policy maker.
For that reason, we also considered the level of the bias and generally find similar results though the Bayesian Bridge

performed better than in the previous results.

41The conclusion discusses connections with [Chernozhukov, Hansen and Spindler| (2015)); [Belloni et al| (2012))

that investigate the case of variable selection, rather than variable and functional selection, in the estimation of

a structural parameter rather than individual effects. Methods used in Section [H] have not been extended to the

instrumental variables context except for ensemble tree methods by |Athey, Tibshirani and Wagerl {|2016|).
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Figure 9: A Comparison of RMSE Across Methods. Linear terms.
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Figure 10: A Comparison of RMSE Across Methods. Residual non-linear terms

Simulation Environments We consider four different simulation settings. We fix the second
stage (outcome) model but vary the first stage (treatment) model across five settings. The first is
a null model, in which the instrument does not impact the treatment and therefore no observation

complies with the instrument. In the second, the instrument has an additive linear effect on the
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treatment. The third scenarios includes an interaction term between the instrument and one of the
covariates. The fourth scenario adds an additional nonlinearity in the instrument.

In each case, the instrument Z; is generated as
Zi=—1+ X+ X2 +é &= N(0,9). (91)

and, also in each case, the outcome is generated as
V=T x (1+ X))+ X, B +€. (92)

where = [1,1/2,...,1/K] in all cases. We generate the treatment using four different models of

increasing complexity:

Null: T; = X, 3+ € (93)
Linear: T; = Z; + X' 8 + ¢/ (94)
Interactive: Ty = Z; x (1 + Xi0)? + X, B+ €/ (95)
Nonlinear: T; = max(Z; +2,0) x (14 X)* + X3 + € (96)
(97)
In each, the errors are simulated such that
TR N oo e | (98)

9,1
where (' is selected such that the second stage has a signal to noise ratio of 1.

Results In each setting, we compare the performance of MDE to TSLS. We consider three sets of
performance measures. The first two are RMSE performance for the first and second stages. The
second stage RMSE is only measured off the observations with an in-truth identified causal effect.
Third, we consider the ability of MDE to differentiate compliers from defiers and for our threshold
to identify non-compliers.

Figure[L5|presents RMSE estimates for the first stage model. In the null simulation environment,
the first stage in TSLS (OLS) slightly out performs the proposed method at very low sample sizes
and for cases with very few in truth covariates. This advantage quickly goes away. MDE becomes
competitive with the linear simulation environment in a similar way. MDE dominates once there

are interactions and non-linearities in the data generating process.
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First Stage RMSE
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Figure 11: RMSE estimates for proposed method and 2SLS for first stage estimation
across simulation environments.

Figure [12| presents the second stage results. Here we remove the null model results as the causal
effect was not identified for any observations. In the subsequent settings the RMSE is lower in
almost all cases for the proposed method. For example, even when the first stage is linear, the fact
that the second stage has a non-linear and interactive relationship means MDE will beat TSLS.
This highlights the importance of having to ex ante get the model “right” in both stages when using

conventional methods.

Compliance Estimates Figure [13| presents the true percentage of cases by compliance status
in the first stage. This will let us evaluate how well compliance status is recovered. As designed
the null model had only types that were unaffected by the instrument (zero types), the linear and
interactive setting had only positive types, and the threshold model had mostly positive effects but
some zero effects.

Figure [14] examines how well we estimate the correct sign for first stage using our threshold (as
used in Figure {4| of the main paper). In our simulations we know if someone was positively encour-
aged by the instrument, negatively encouraged, and not encouraged (zero). We then recorded the

model’s individual level estimates and calculate the percentage of observations correctly classified
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Second Stage RMSE
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Figure 12: RMSE estimates for proposed method and TSLS for second stage estimation
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Figure 13: Percentage of observations in sample by effect type.

into each bin. This is defined only in cases where there were some observations in the category.

In the first row there are in-truth no observations encouraged by design. For this reason, only the
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First Stage Accuracy: MDE
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Figure 14: First stage accuracy for proposed method. Green line plots the percentage of in
fact positive LICE that we correctly capture. The red line plots the percentage of in fact negative
LICE that we correctly capture. The blue line plots the percentage of in fact non-encouraged units
that we correctly capture.

plot for the “zero effect” types are plotted. The model recovers these effect types nearly perfectly.
The second linear model had only positive effect types and the model quickly pegs these effects in
sample size. In the third, interactive simulation design, the model recovers the positive effect types
with increasing sample@ Finally the last simulation had both positive and zero effect types. Here
these types are recovered thought the performance is slightly worse for the rarer (see Figure
ZEero group.

TSLS of course is unable to differentiate compliance status at the observation level. TSLS can
only return one compliance estimate for the sample. We recorded all observations as not complying
if the first-stage F' statistic on the instrument was less than 10. Results are in Figure [I5] When
TSLS did recover a compliance type correctly, it was only for those with a positive instrumented

causal effect. In these simulations it records everything as falling in this category and so it picks

42While in this case the simulation was tuned to produce no “zero” effects, an extremely small number of obser-
vations (less than 5) occasionally were produced due to extreme draws. In these very rare cases the model did not

correctly identify their type.
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First Stage Accuracy: TSLS
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Figure 15: First stage accuracy for TSLS. TSLS pegs all observations to be positively
encouraged and so correctly captures these observations. No other compliance types
are identified.

up correctly those positively encouraged units. This is obviously misleading.

J Related Work

We provide here a more comprehensive literature review of our work, particularly as it relates to

the broader statistical and machine learning literatures.

Relationship to causal inference Causal estimation generally involves a two-step procedure.
In the first, a model of the treatment is used to characterize any confounding. In the second, some
summary statistic from the first stage, such as a the density estimate or conditional mean of the

treatment, is incorporated into the outcome model through matching, subclassification, or inverse

weighting. See [Imbens and Rubin| (2015]) for an overview.

Misspecification of this treatment model is both inevitable and impactful (Kang and Schafer|

2007). We sidestep the entire endeavor and directly target a fully saturated, nonparametric condi-

tional mean function. In doing so we must make assumptions on the nonparametric model (e.g.,

[Robins and Ritov], [1997)), yet we have worked to make the weakest possible assumptions: that the

outcome model is additive in some set of a massive set of flexible, interactive nonparametric bases.
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The bulk of the literature on causal inference has focused on the case of the case of binary or

categorical treatment regimes (For exceptions see [Imai and Van Dyk] 2012} [Hirano and Imbens|

2005, though these works focus on average, not conditional, effects). The idea of using machine
learning to directly estimates counterfactuals with a binary treatment has been explored (e.g. m,

2011]), though these works did not explore structural models or continuous treatments.

We also share a motivation with the targeted maximume-likelihood approach of fvan der Laan and|

(2011}). The authors use a cross-validation tuned ensemble of methods, or “SuperLearner,” to

predict the treatment density, then incorporate these estimates in the second stage model so as to
achieve semiparametrically efficient estimates of a treatment parameter@ Unlike this method, we
target observation-level estimates rather than an aggregate parameter. In simulations we find the
SuperLearner performs poorly in estimating the derivative of the loss function, as minimizing the

predictive risk may result in poor estimates of a derivative or treatment effect@

Estimation of first derivatives. In the case of a continuous or binary treatment, our method
reduces to estimating the partial derivative or subderivative, respectively, of the response func-
tion with respect to the treatment variable. The econometric literature has long recognized this
manipulation-based, and hence causal, interpretation of a structural equation model ,
(1943} [Hansen| [2017} [Pearl| 2014} |[Angrist and Pischkel 2009)). We differ by targeting observation-

level counterfactuals rather than a parameter in a structural model. Even absent a causal interpre-
tation, estimating derivatives has been motivated by problems in engineering as well as economics;

see |O’Sullivan| (1986)); [Horowitz| (2014)) for overviews and [Hardle and Stoker| (1989)); [Newey] ({1994))

for seminal work. We differ primarily in estimation, through considering a large-p setting as well as
models that are nonparametric in all covariates. These methods also stay silent on how to choose
a basis, whether B-splines, Hermite polynomials, radial basis functions, and so on. We leverage
our ignorability assumption, which is central to causal inference, to show that the appropriate basis

function for a causal effect is locally linear almost everywhere.ﬁ

43For application of ensemble methods in political science, see [Samii, Paler and Daly| (2016)); [Grimmer, Messing]

|and Westwoodl 1|201 ?l .
TSee [Athey and Imbens.| (2016) and [Horowitz{ (2014)), especially Section 3.1 for more on the distinction between

minimizing predictive error and minimizing error in the causal estimate.

451 e., the piecewise linear cubic-spline or B-spline basis.
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Relationship to High-Dimensional Regression Modeling The introduction of kernel-regularized

least squares (KRLS, (Rosipal and Trejol [2001))) to political science by [Hainmueller and Hazlett|

(2013)) is a close and welcome cousin. We differ in several ways. First, while both of our approaches
make use of nonparametric bases (to avoid relying particular functional form assumptions), we differ
in the types of bases considered. KRLS constructs “isotropic” nonparametric bases, which means
the bases are a function of the distance between a given observation’s covariates and the covariates
of all other observations. This means the number of basis functions is equal to the sample size and,
importantly, because a distance metric is used all variables are weighted equally. Put differently,
with isotropic bases each parameter is associated with a single observation. MDE uses “anisotropic”
bases which constructed from interaction between the treatment and other control variables, as well
as interactions between other control variables. This means that the number of basis function used
is dramatically higher in MDE and that a particular variable is targeted (the treatment variable).
Each parameter is associated with a function of the covariates and unlike KRLS the Method of
Direct Estimation targets a particular parameter. An implication is that KRLS is not tailored for
the estimation of individual causal effects in the case of a continuous treatment variable [*f] Follow-
ing from this, the theoretical guarantees for KRLS’s predictions do not extend to the estimation
of an ICE. A final difference of course is that, in order to deal with the very large number of
basis functions and interactions considered, we use a two stage screening/sparse estimation strat-
egy yielding a small subset of nonzero estimates associated with interpretable bases. The bases
may be local nonparametric functions, but we can map these bases directly back to substantive
variables of interest. As a result, with MDE, researchers can directly examine whether the model
contains interactive effects. With KRLS only average partial derivatives for individual variables are
returned. Researchers need to explore predicted values from the model under different covariate

configurations to identify heterogeneities, with no guidance from the model.

While political scientists might be more familiar with valuable methods like [Hainmueller and|

[ “°In the case of a binary treatment, the methods become slightly more similar as the KRLS implementation in]

[[(Mohanty and Shaffer] [2017) allows for treatment by covariate interactions as a special option. Here too there exist|

[the same everywhere, as controlled by a single bandwidth parameter. MDE includes a large number of bases alll

[with differing bandwidths. Selecting a bandwidth well is more important in practical estimation than the particular|

|shape of the bases (IHansen} |2017|, ch. 14.6). |




[Hazlett] (2013]), our anisotropic spline basis is closest to the nonparametric specification in the

“POLYMARS” multivariate tensor-spline model of [Stone et al|(1997)). We differ from POLYMARS

in two regards. First, our screening step allows us to include an “ultra-high” number of candidate

bases (Fan and Lv} [2008). We include spline bases of multiple degrees and interactions, then reduce

the millions of possible bases to hundreds or thousands. Second, rather than conduct Rao and

Wald tests for basis inclusion/exclusion, we use a sparse model to fit all of the maintained bases

at once. Third, unlike existing sparse Bayesian models (e.g. [Polson and Scott], 2012} [Rockova and]

|George] [Forthcoming), we use a frequentist minmax (“oracle”) argument to motivate our hyperprior

selection as a function of n, p.

We were inspired by work on regression models that allow for interactive nonparametric (“tensor-
product”) terms (see for an overview). We differ from these methods primarily in scale.
We are considering tens or hundreds of covariates, a combinatorially growing number of tensor
products, while focusing on the impact of only a single treatment. Due to the complexity of the
problem, the proper specification of these models is computationally infeasiblem

Another popular form of nonparametric modeling is kernel estimation. Kernel estimators fit a

local, and normally linear model, but incorporate nonlinear weights so observations near a point

of interest are upweighted relative to distant observations (Hérdle et al} [2012)). While useful

and powerful, any nonlinearities are incorporated into observation-level weights. If the distance
is constructed from several covariates, it requires some post-processing, such as post-hoc analysis

of fitted values, to map uncovered nonlinearities to covariates of interest.

Relation to nonparametric and high-dimensional structural models Recent work has

extended nonparametric and high-dimensional estimation to the instrumental variables setting,

through either series estimation or LASSO selection (Newey}, 2013} [Belloni et al| 2012)). Like these

methods, we use a regularized series estimator to recover a conditional mean. We differ from these

methods in that we construct our estimator from observation-level predictions under counterfactual

manipulations, rather than targeting structural parameters. Recent work by [Belloni et al.| (2015))

develop theory for both estimation and inference on a broad class of models under least squares

estimation; included in their analysis is inference on the instantaneous causal effect in a tensor-spline

47"These models would require inverting a matrix of order millions by millions, while also doing a grid search for

dozens of tuning parameterd, which is infeasible given current and even foreseeable computational power.
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model. The proliferation of bases in this model serves as the central issue in estimation (Belloni
, , Sec. 3.6), which we address through our screen and regularization procedure. We also
extend the approach to additional quantities of interest beyond those considered in
, such as those studied in instrumental variable and mediation analyses. We last note that
these models focus on root- N unbiased and efficient estimation of a finite-dimensional parameter in
the presence of high-dimensional confounding. Instead, we are interested in consistent estimates of

heterogeneous, and possibly, high dimensional effects. While we gain in recovering a more complex

model, our average estimates are plagued by persistent root-N bias (Robins and Ritov] [1997)),

though this is not a concern for us.

Our approach to instrumental variables is perhaps closest to[Heckman and Vytlaci]] (2005 e.g. [
[Athey, Tibshirani and Wager] (2016|), and [Hartford et al.|(2016)). Heckman and Vytlacil develop the

Local IV (LIV) in the binary treatment/encouragement setting as the impact of the treatment on
those indifferent between control and treatment at a given level of encouragement. The LICE con-
siders the impact of a perturbation to the encouragement at the observed data. In a policy setting,
where the encouragement can be controlled, the LIV may be preferred, while in an observational
setting, where interest is on the data as observed, the LICE is likely to be preferred. We emphasize,
though, that MDE can be used to estimate either the LICE or LIV, using a rich mean model un-

available to these previous papers, and handles settings beyond a binary treatment/encouragement.

In additional related work, [Athey, Tibshirani and Wager] (2016]) use a random forest to estimate

a kernel density for each observation, then use the density weights in a two-stage least-squares

calculation. As with us, |Athey, Tibshirani and Wager| (2016]) generate observation-level effect

estimates and use a high-dimensional model to avoid the curse of dimensionality. Like
(2016)), we use a flexible regression model to estimate conditional mean functions. While we

generate pointwise counterfactuals at the two stages, [Hartford et al| (2016 uses the first stage for

a second-stage residual correction, which is the “control function” approach described in
(2014). Our primary additions over [Athey, Tibshirani and Wager| (2016|) and [Hartford et al.| (2016])

come from both returning a first-stage estimate, which offers important insight into internal validity,

and using the oracle bound to identify non-compliers in the data@

48 See |Kennedy, Lorch and Smalll (IQOI?I) for concurrent, and fascinating, work.

49The importance of separate estimates at each stage will allow plug-in estimates for other causal structural models

(IVanderWeeleL |2015|). In separate work, we illustrate how the MDE extends to mediation and sequential-g estimation.
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K Recovered variables/functional forms

One of the advantages of using a sparse linear model over other methods, such as a regression tree
or neural network, is the ability to match these effects back to covariates of interest. We present
the largest estimated effects at the first (Table [3) and second stage (Table [4) for coefficients that
interact with the instrument in the first stage or treatment in the second stage. Our software
automatically standardizes all terms, parametric and nonparametric, so the coefficients discussed
below are all on a comparable scale within either the first stage model or second stage model.
Under the assumptions that the instrument is valid and monotonic within each stratum given by
the covariate profile, the second stage coefficients that drive the effect of the turbine on voteshare
can be interpreted causally.

The main body discusses several interactions of interest. We note here that some interactions
will be less interpretable such as interactions between spline components for latitude, longitude,
and distance to the nearest Great Lake. At a minimum these serve as a nonparametric means of
“controlling” for other effects that could confound variables of interest. Interactions with district
fixed effects (districts 36 and 41) suggest some unmodeled heterogeneity across districts.

Tables 3| and {4] report bootstrapped confidence intervals. To calculate these on coeflicients in
a structural model like instrumental variables using the MDE is more challenging than in a single
stage context.

One result of this is that sometimes estimated coefficients will lay outside of the bootstrap
interval. This is the case, especially, for some of the second stage coefficients. We note, though,
that the confidence interval and point estimates are never on opposite sides of zero. In standard
parametric models, the point estimates, which maximize the likelihood, also center the confidence
intervals, which have asymptotic coverage. The two are connected through the central limit theorem
and especially the finite-dimensional nature of the problem. Our model has neither property. Our
model grows in sample size, and our prior does not disappear quickly enough, to be negligible
in the limit. Unfortunately, many of our intuitions fail in this setting. There is little reason to
suspect that the point estimates that maximize the posterior will, even in the limit, fall within an
estimated bootstrap confidence or credible interval, which are constructed to achieve either coverage
or concentration on the true value. Such results can be guaranteed through complexity assumptions

on the true underlying function class and prior density (i.e. concentration rates of the e-net, through
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either an entropy bound or P-Donsker assumption; the model space being considered is close to the
true model space; sufficient density in the prior near the true model, as measured by KL divergence;

see [Ghosal, Ghosh and van der Vaart] (2000} esp. 2.2-2.4) or [Ghosal and van der Vaart] (2017} ch.

9-12)). We have found that when we return back to a low-dimensional (“parametric”) mode of
inference by looking at effects averaged over the sample, this problem disappears; see Table (1] for

an illustration.

Bases Coefficient Bootstrap CI

Population Density, log x Average Wind Power, log -0.027 (-0.0186, -0.00683)

University Degree (%) x Average Wind Power, log -0.022  (-0.0168, -0.00817)

b(Average Wind Power, log) x b(Distance to Great Lake) x longitude -0.0135  (-0.0347, -0.0022)
b(Average Wind Power, log) x b(Distance to Great Lake) x longitude -0.0134  (-0.0273, -0.00156)
b(Average Wind Power, log) x b(Distance to Great Lake) x Precinct 14 0.0181  (0.00643, 0.0313)
b(Average Wind Power, log) x b(Longitude) 0.0227 (0.0146, 0.0303)

Table 3: Selected stage 1 coefficients.

Bases Coefficient Bootstrap CI

b(University Degree (%)) x Proposed Turbine (Treatment) -0.00499 (-0.00231, -0.000048)
b(Proposed Turbine (Treatment)) 0.00605 (0.00084, 0.00442)

b(Proposed Turbine (Treatment)) 0.0145 (0.0101, 0.0152)

b(University Degree (%)) x Proposed Turbine (Treatment) -0.00499 (-0.00231, -0.000048)
Proposed Turbine (Treatment) x Precinct 41 -0.00374 (-0.00529, -0.00169)

Proposed Turbine (Treatment) x Precinct 29 -0.0023  (-0.0000299, 0.0000394)

Proposed Turbine (Treatment) -0.00208 (-0.00573, -0.00101)

Proposed Turbine (Treatment) x Precinct 85 0.00252 (0.000324, 0.003)

b(Proposed Turbine (Treatment)) x Precinct 29 0.00272  (0.00000144, 0.00133)
b(Proposed Turbine (Treatment)) x Precinct 36 0.00605 (0.00084, 0.00442)

Table 4: Selected stage 2 coefficients.

Finally, Table |5 presents the Two-Stage Least Squares model discussed in the text that uses the

treatment /education interaction.
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Estimate Std. Error t value Pr(>|t|)

(Intercept)  3.567 16528  0.216  0.829
Proposed Turbine (Treatment) -0.069 0.026  -2.695 0.007
Proposed Turbine (Treatment) x University Degree (%) -0.259 0.122 -2.127 0.034

Table 5: Two-Stage Least Squares Results With Uncovered Education Interaction. The
result of fitting a TSLS model using the specification from but including the treat-
ment /education interaction uncovered by MDE. The estimated treatment effect on the turbine is
comparable to that from the original specification (—0.077, see . The interaction term uncovered
by MDE (Proposed Turbine (Treatment) x University Degree (%)) is statistically significant in this

sample.
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